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Self-dual Gravitational Instantons J

are complete four-dimensional Riemannian manifolds that satisfy one of the
following equivalent conditions:

i. hyperkahler

ii. admits covariantly constant spinors
iii. Calabi-Yau two-fold

iv. preserves |/2 Supersymmetry

v. self-dual curvature form

Ropgys = %eaﬁuvRWw
Distinguished by
e Asymptotic behaviour: K3
* Topology: A, D, E, etc.

Questions:

Classification, metrics, Yang-Mills Instantons




Conjecture:

Any gravitational instanton metric with finite Pontrjagin number
asymptotically approaches a metric with a local triholomorphic
Isometry.
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Self-dual Abelian
connection:
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Self-dual Abelian
connections:

The Taub-NUT Space J

ds? = V71 (df + w)® + VdZ?,
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Instantons on ALF SpacesJ

F = xF
Action S = /F/\*F is finite

: : J . L . . I
Monodromy at infinity (@ - @Ae> W(z,0)=0Ww(@0=1 W= lim W(Z,4n)

Ir— 00

*Maximal Symmetry Breaking:
70 7
EigenValues of W are distinct —7 <A1 <A <...<Ax <=5

EigenBundles of W are line bundles L;— Sc2>o with Chern classes ji

Monopole Charges: if M=min(ji, ji+j2,..., jitj2t...}jn)
then the monopole charges are (mi,ma,...mn)=(ji-M, ji+j2-M,..., jitj2+...+jn-M)
Instanton Number:

i 1
3272

n /TI‘ FANFE — (ml(l)\l —|—7T)‘|‘m2l()\2 _)\1)+mn(77_l)\n))

Question: Find explicit SD connections on ALF spaces



Explicit Solution on TN: m=1,n=0

Monopole
1.--'=1+21? a=z+d ,’( .
D= (z+d)?*—r’ . "
d
K = (a?+r?) cosh(2\r) + 2ra sinh(2\r) X
L = (a®+r?) sinh(2\r) + 2ra cosh(2\r) | >
TN Origin
e (2Ar — sinh(2Ar))D =/ a ‘
A = { ( 52 — sinh(2Ar) (1 + . tanh(As )) )
g B Tx2g (1—";) — Zdz- (5 x )
z T D z

N dB‘?w(E?.‘F((A %)k _zi,) _Eg.d'l)}

Next Question: Find explicit m=0, n=1 SD connections on TN



Ingredients |: Arrows and Limbs |

I

e D V=C"ad W =C"
J

gv: (I, J) — (9,11, Jgy) o UL =2 (T Gy )

Moment maps:

. 1 , 1
py = py +ipy =1, py = py = 5 (J'T =117, wy = piy + iy = =1,y = phy = ST = JJ.

A convenient way of writing the moment maps is

i ( ?L ) My = Hyoi = Vee(QvQy) Vec(M® + M’ 0;) = MY,
Example: ADHM
Bio
R4 bio Instanton Data:

5 ¢
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Example: Kronheimer & Nakajima (Instantons on R4 /I")

AALE: R4 /7, |

Instantons on A
ALE

bas bis

Affine Dynkin diagram

Moment maps at V|

MC=Bio Boi - B12B2i+1iJ

MR=B*oi Boi - B1oB*10+Bi2 B*i2 - B*21Bai+1i1*) -J*y)i



ALE Spaces: J

Kronheimer Construction from
String Theory

D2-brane on R*/T" x R®

ttttt

r = || rank of T'
Super Yang-Mills with gauge group U(r)

Equivariance conditions

Au — (9) ()
P = v (g9)¢"(g)
o' = R(g)fﬂ‘ (9)277(g)

v is an r-dimensional representation of I,

R is a two-dimensional representation of I'.

Kronheimer-Nakajima Construction
from String Theory

N instantons in U(K) on ALE space

D2-D2 String

N D2-branes and K D6-branes on R*/T" x R®

Super Yang-Mills with gauge group U(r) and K
scalar fields in the defining representation.

Wk

/ Wi
WK\ / | \w -

K\V/ \ /"
| \

o
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Ingredients 2: “Strings”

U(n)
(To(s), T1(s), Ta(s), T3(s))

To(s) g 1ngig 14g
T1(s) e kg
9(3) TQ(S) — g 1ng
T5(s) g 1 T3g
| d _
M — _Tl_ZTOaTl —I_ZT27T37
ds ‘ :
d . _ _ ]
p' o= —Ty —i[Ty, To) +i[Ts, Th,
ds ' : ' :
d _
i, = d—TS—ZTo,Ts + 2|17, 15
" _

Convenient Notation:

Y=0T1+020T,+ 03 ® T3

b = £ — iTy, T] + Veo(T, T).
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Example: Calorons

R3 x S

u(l)

String Theory derivation via
Chalmers-Hanany-Witten
configuration

3 1
Instantons on R~ X' S

lo

Jo

U(n+m)

12
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Taub-NUT Bow Diagram |

to h™Ytoh + k™' £h
| h=1t;h

bo1 h=(—=4)borh(})
bio h=H(4)bioh(—4)

t:t1+zt2 andD:d/dS—ito—tg

Moment maps: D, t] — d(s+L)bo1b1o + 0(s—L)bipbor = 0,

[DT, D] -+ [tT, t] -+ 5(5—1—%)([){0[)10 _— b01b$1) =5 5(8—%)(b$1b01 a5 blObL)) =0

1
+l+1/7°

Metric d = —lito. %

Natural Connection: | @ = 2(dr +w)/(l+1/r).

(dr + w)Q} A
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ko Instantons on Taub-NUT |

Bio

—

e arank kg vector bundle £ — [—[/2,1/2] with the Nahm data (T, T) on
the intervals [—1/2, —A], [—A, A], and [\, [/2] (we do not presume conti-
nuity at s = £\),

—1/2 1/2

e linear maps Big: E_j» — Ej/» and By : Eyjo — E_y)9,

e linear maps I, : W, — E_,, J, : E_\, — W, Ir : Wg — E), and
JR . E)\ — WR.

((To\ (97 @Toge +ig @00 )

T; g & T;9(s)
By . 9 (=HBorg(4)
Bio 9" (4)Biog(—4)
I, g oS
\ )\ Jag(ra) )
Let Moment map conditions:
1D, T| — 0(s+%)Bo1 B1o + 0(s—%)B1gBo1 + Z O(s—A) 0o =0

— AN R == '
D=2 —ily— T3 and T' = T + 15, ac{L,R}

(DY, D)+ [T7, T + §(s+4)(BloBio — B Bly) + 8(s-4)(BJ, Box — B1oBjo)+

+ Y Ser) (LT — LI = 0.
ac{L,R}



o6 String Theory Reasoning ' D5

D3
T duality g

e ‘ ) S = .}

T duality P i

Taub-NUT

<

NS5

2 D6 and D2 T duality
on Taub-NUT < i

|5
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o5 Gauge Theory on D3-brane

D3

Massless fundamental

Massive fundamental hypermultiplet
hypermultiplet: f

from D3-D5 open string mode

NS5 / N // //

Massless bifundamental Massive bifundamental hypemultiplet
hypemultiplet: B from D3-D3 open string mode

16



L =1+ Lo
L1 :R6/d3$,udﬂf6< 9

Lo

Impurity Theory on D3

N=2, D=4 Yang-Mills with hyperplanes of impurities

0 I 2 3 4 5 6 7 8 9
D5 X X X X X X
D3 X X X X
NS5 X X X X X X
VecFor Ao Al A2 Yi Y3 Y3
Multiplet
ot Im Hi | Im H2 | Re Ha | Re Hi
Hyper

y

\

=1 [ d’z,dxe

D§ =D (0")3

1 1
i 5\@\2 + TriD§ ([HQ,HW] +

V=Sl a=1,2

1 1 - 1 : 1 Sy
-|F, y\2+—\D VP = SIDeY I = 5 3 IV Y]+

1<J

1 . S
1D HI2 =S|V H)E

/1 (zm ) (D72 — [V £72) +

Aasa =1,2 Majorana

Y Dirac
1,7 =1,2,3

\

~”

1) )

+|DMB|2 + 8(z6)|Y " (z6+) B — BY (w6 —)I") +

[

+8(z6)B ® BT + 6(z6|— 1)B' ® B )}

1 0
\/58336

— R€H1
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‘D -flathess conditions

TO = _\/5 ReHl, 1.1 —_— —\,-""EIHIHI . ].2 -4 213 = _\EHZ

f il
h=(F)=(7)

— + 1o, 1o + 15, T1]

dT
d—3 -+ [TO,TS] + [T17T2]
X1

4‘5(3)(13011310'+‘13101381)‘+'5(3 ——l)(1310l310-+—l3$11381)

Exactly the HKM of the proposed diagrams.
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Nahm Transform |

Given Bow data consider Wey| Operator:

kY]

 f e

Moment map conditions are equivalent to Vec(D'D)

[ (= +zT0+Tf\

\ (=B, B

(JL I F(=N)
(Jr, ﬂ)f@\)
(Boi1, B )fl/2

L) F(=1/2)

Xa € Ex,, v— € E_jjp and vy € Eyj9

cokernel of D is given by ((s), VI XR U v, )

ds

(i — Ty + T> v =0, on Z\{az, ar},
P(Aat) — P(Aa—) = —QaXa;

~N

= ( B;, )v_
Big ’

— )

19
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Twisted dual Weyl Operator:

given a point of the Taub-NUT space <t07 ¢, blO? bOl)

1/2

_ DT _ T _ 41
i _ ( —Dt—t3 Tt —¢ oy
Dy ( T —t D +t5 ) E (aG{GI?,R} (S a)
Bj, - iy B
ol 10 10 oL 01 Do1
@ (5( *2)( By by, ) o 2>( b Buo

w a section of EQe®C* —» I\{-\ A}, v- € E_ja®eyo and vy € B ® e_y)9.

o i
Yy = (¢1( ) XL, XRl"/‘fl) there is a natural Hermitian product
N z
IPQ (¢2( ) XL2; XR2; /02) (¢17 ¢2> — ’Ul’U2 + (XLl) X L2 -+ (XRl) XR2 + f /52 )¢2(S)d8

For
the operator s acting on 1 as follows
@;f U = () s ¢ ($(5), Xz, Xy V) = (sms), w0 )v) .
the self-dual connection on TN is
A= (qf (a% i %)xp) dr + (\If (a% I w%)@) dz;

20
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Solution of D] ¥ =0 |

Taub-NUT data Instanton data is simple:

Fle) — i for—1/2<s<—=Aor A>s>1/2
_pf _pf )= Ty, for—A<s<)\
b_:( bo1) b+:( blo) ;
bio )’ —bo1 R L
7= Il =0 — &
bobl = |t] +% T T
B B
B‘:(—B(l)?)’&:(Bfé) Qr =@+ and @ = Q-
i Solution:
D= PSS (RS =
\/TH—H—\/I_?i \/T1+t— \/1_)% 1 = % (e—wekxg(y_l}x)e—(lm—k)xlﬂ_ _I_ewe—)\%(y_'_y)e(l/Q—A)x1M+)

M+ = 9 5 Z—l,

- N N
1 eiT/QBT_ILL_'_
i ﬁ ( e_iT/QBi,LL_ 621(S—l—l/2 eielu_'_ for S Z/2 < 8 < _)\
Y(s) = < e¥e’ll for— A <s<A\

xe\ [ Qhe™e | e eNae~(G-Nhy_ — el¥eMae(G-NN e¥1(57l2-i8, for\ < s < I /2

( i ) 0 ( Q' M ) 2g | -
VAN y,

<9 Y
2,

g =ycosh2z\ —

sinh 229\

21
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For this &V (¥, V) =ml

1
m =2+ = {—\/2_)(:0829

9
. B > 2 2

i (11 +t) sinh z1d — 2; cosh 21d (y Ao Z1Z2 Y sinh2)\z2)
21 <2

i (T} 4 t) cosh z;d — 21 sinh zlal(Z2 RSO DL et 2)\,22)} . (50)
2

. f )
il ( 627232/@ ) eXH Dl for —1/2 < s < A
D\ e 2Bl u_ P(s) = { e**Il for — A < s <A
4G/ Dapity ford < s < 1/2

22
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Moduli Space of N SU(2)
Instantons on Taub-NUT

One SU(2) instanton on TN G is U(N)

Bio

- A - A pr——— N2 i~ - - -
TGy, x HY x T*G gy, xHY x T*Gayy x HY )G _172 x G_x x G x G2

To have algebraic description of this space

12 2 introduce monodromy H on each interval:

DMHM(S)=O, Hm(-N)=1, Hu= HM(\)

Moment maps can be written as:

~

Wi, Wr f
Tr-H-'MTM HMm=IrJr, H-'rTr HrR=B0Bo!
\TM-H"LTL H=l), ToL=BoiBio

Up to the gauge equivalence

Ty, HL gl inTL gun, glun HLga
Tm, HM R gl \Tm g, g'aAHM gn
TR, Hr g\Tr g\, g'AHR g2
Boi, Bio g''12Bo1 g2, g 12B1o g

23
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matches to de Boer, Hori, Ooguri, Oz
hep-th/9611063

1 1
ds® = (l | ) dir; — ANdF1dq + (2)\ it —> dq”
27‘1 q
(@ —dw)”  (da+ L)
L L=2X+1/g+1/(2r)  2X+1/q
dw, = *xd—

1 0~ 0+ 27
dwq:*d1 o~ o+ 27

q

24



N U(m) Instantons on TNk

N SU(2) on TN

Data Determining

Bow Diagrams

N

0372 1/2

N SU(2) “monopoles” on TN

e S Uy U

N SU(m) on TN

B

N SU(m) on multi-TN

25
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Instantons on ALF Spaces:J

Ar ALF

Instantons on A; ALF

\L/ n \W\%@Wﬁ@/

D6 ALF |nstantons on D6 ALF

u(l)

u(l) u(l) U(ki) U(ks)

\,&4 uE) u(2< Uk) Uk U(2|<
u(l) - i) U(ko)/ "

26



Electric-Magnetic DualityJ

2

b EM duality

Adjoint

N

N-VWW\N\,
BH

Bifundamental

27



Higgs Branch

Bow DoubletJ

Coulomb Branch

28



Higgs Branch

< H2 ># O,< Y2 >: OZ/Q

Mixed Branch
H,~IY;~1T

N U(m) Inst / TNk

Coulomb Branch
<H?>=0,<Y?>#0

N U(k) Inst / TN

29
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Summary: |

|. Problem: Instantons & Monopoles
2. Explicit Monopole Solution

3. Ingredients: Arrows & Strings

4. Answer: Bow Diagrams

5. String Dualities

6. Gauge theory with Impurity walls
/. Explicit Instanton Solution

8. Moduli spaces of instantons on ALF

9. EM duality of Bows

30
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. f f L . f
6-3'3111-)\2) ( —bOI BDI + 63'2’213"2-*1)83'31)\1 BIO
— By

) 4 -t
&1 iy

Compare to ADHM condition:

( Bio_b(T)l B(];l_bJ{O ) ( U1 >_|_<J'I Jg ) (
—Bo1 +b190 Bio — bo1 U2 11 12
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