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Motivation

General questions in F-theory:

Finiteness and characterization of

F-theory vacua?

Better understanding of range of

possible matter structures (and later:

Yukawa couplings, etc)

Improved understanding of string

dualities (Sen limits, F-/M-theory,

Heterotic/F-theory duality, Flux

backgrounds, Non-geometric, etc)

String Pheno
String 
Comp.

4d Eff. Theories

Tuesday, May 21, 2013

What possible EFTs?

m
Which geometries?
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Matter in Transition

Today we’ll consider one small window into these questions: Matter

transitions

Geometric transitions in F-theory characterized by their effect on the

spectrum. Three main types:

1 Blowing-up/down the base ⇒ tensionless string transitions (6D: change nT

and nH)

2 Higgsing/unHiggsing transitions ⇒ (6D: nT unchanged, change in nV , nH)

3 More exotic: Matter multiplicities change without changing gauge

symmetry (6D: nT and nV unchanged. Only representation content of

matter fields change.) (Morrison, Taylor)

Let’s look at SU(N) examples...
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Consistent Transitions: Anomaly Equivalent Matter

Rep. N Dimension AR BR CR g

Adjoint N N2 − 1 2N 2N 6 1

6, 7, 8 35, 48, 63 12, 14, 18 12, 14, 18 6 1

N N 1 1 0 0

N
N(N−1)

2
N − 2 N − 8 3 0

6, 7, 8 15, 21, 28 4, 5, 6 -2, -1, 0 3 0

N
N(N−1)(N−2)

6
N2−5N+6

2
N2−17N+54

2
3N − 12 0

6, 7, 8 20[10], 35, 56 6[3], 10, 15 -6[-3], -8, -9 6, 9, 12 0

N
N(N−1)(N−2)(N−3)

24
(N−2)(N−3)(N−4)

6
(N−4)(N2−23N+96)

6
3(N2−9N+20)

2
0

8 70[35] 20[10] -16[-8] 18[9] 0

Anomalies:

−a · b = −
1

6

Aadj −
∑
R

xRAR


0 = Bi

adj −
∑
R

xRBR

b · b = −
1

3

Cadj −
∑
R

xRCR



Where a, b are the coefficients of BR2,BF 2 Green-Schwarz terms. (See talks

of Grimm, Klevers).
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Examples

SU(6)

10

(
1

2

)
+ 6 ( ) . ↔ 15

( )
+ 1 .

SU(7)

35
( )

+ 5× 7 (5× ) . ↔ 3× 21
( )

+ 7× 1 .

SU(8)

56
( )

+ 9× 8 (× ) . ↔ 4× 28
( )

+ 16× 1 .

and

35

(
1

2

)
+ 8× 8 ( ) . ↔ 3× 28

( )
+ 15× 1 .
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Today:

Understand matter transitions purely in Field theory, and in F-theory

and heterotic compactifications (illustrate in 6D but much structure

extends to 4D).

To do this systematically will require some new tools:

1 General Weierstrass models for SU(N) 6 ≤ N ≤ 9 (see Morrison’s talk).

2 Heterotic/F-theory duality for reducible bundles: V = V1 ⊕ V2 with

c1(V1) = −c1(V2) (see also talks of Cvetic, Grassi)

3 Het/F pairs with generic Green-Schwarz massive U(1) symmetries and the

associated stable degeneration limits.

4 Exotic matter representations (See talks of Klevers, Raghuram)
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Possible matter transitions

Many different gauge symmetries possible: SU(3), Sp(3), SU(N) with

N ≥ 6, SO(12), etc. and assorted product groups SU(2)× SU(4), etc.

Transitions somewhat mysterious from the point of view of pure field

theory...

Intriguing questions on Higgsing chains (are the transitions ‘inherited’?)

What types of matter, Weierstrass models? (representations, unique

factorization domain questions, etc).

To explore Het/F dual pairs with such transitions, we’ll begin with

SU(N) with 6 ≤ N ≤ 9...
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Non-Tate: SU(N) with N ≥ 6

The Kodaira form of singularities hold, but not necessarily Tate form

Some previous examples (Morrison, Vafa, Intriligator...)(Morrison, Taylor)

Previous special cases in the literature lacked either double or triple

antisymmetric matter

We find explicit SU(N) Weierstrass models w/ N ≥ 6.

Idea: Step-by-step enhancement SU(6)→ SU(7)→ SU(8)→ . . .

Can verify complete degrees of freedom in 6D (but form valid in general)

Same techniques for product groups (e.g. SU(N)× SU(M)...)

f = F0 + F1σ(σ − ε) + F2σ
2(σ − ε)2 + . . .

g = G0 + G1σ(σ − ε) + G1σ
2(σ − ε)2 + . . .

Leads to ∆ = σN(σ − ε)M(. . .)
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New chains: SU(9)→ . . .,

SU(7)→ SU(4)× SU(3)→ . . .....

E.g. SU(7)...

SUH2L SUH3L

SOH4L

E7

E6

F4

SOH12L
SOH11L
SOH10L
SOH9L
SOH8L
SOH7L
G2

SUH3LIV
SUH2LIII

SUH6L

SUH5L

SUH4L

SUH3L
SUH2L

SpH3L

SpH2L

Figure 1. The possible Higgsing/Enhancement chains for smooth heterotic/F-theory dual pairs; mod-
ified from [53]. Figure depicts Higgsing possibilities based on heterotic bundles with structure group
H ⇢ E8, which match with dual F-theory models. F-theory gauge groups from Kodaira singularities
with f, g having nonzero degrees of vanishing lie to the right of the vertical red dashed line, such gauge
groups can be forced from the geometry (geometrically “non-Higgsable”) and cannot be unHiggsed to
anything left of the line. The SU(3)’s and SU(2)’s connected near the bottom by horizontal dashed
lines correspond to transitions between different Kodaira types in F-theory from type IV, III to type
I3, I2. The top row above the horizontal blue dashed line corresponds to an alternative Higgsing se-
quence from E8 to SU(3), SU(2) with non-standard commutants (e.g. H = SU(3) ⇥ G2 for upper
SU(3)), generically associated with matter in the adjoint representation, which on the F-theory side
involves wrapping on higher genus curves for 6D models. Note that in F-theory models that do not
have heterotic duals, further unHiggsing (e.g. to SU(N > 6)) can occur. Note also that in the heterotic
theory some Higgsing chains lead to product gauge groups, as discussed further in text.

matched exactly to complex structure deformations of the corresponding threefolds Y3 [53]
(see also Figure 1).

While the gauge symmetry of a 6D theory can often be made smaller or larger by Higgsing
or un-Higgsing through de-tuning and tuning moduli in the F-theory picture, there are also
constraints on both sides that can restrict the extent to which a gauge group can be broken or
expanded. For n � 3, the threefolds ⇡ : Y3 ! Fn are generically singular (though they admit
a smooth resolution). This means that in these cases there is a 6-dimensional gauge symmetry
that cannot be Higgsed away by giving vevs to the hypermultiplets associated to the complex
structure moduli. In the F-theory geometry, this corresponds to the presence of a divisor
of self-intersection �n in Fn, over which the elliptic fibration must become singular and has

– 12 –

f = −
δ12ξ4

48
−
δ8ξ2

6

(
ζ1ξ + ζ2δ

2
)
σ −

δ4

6

(
2δ4ζ22 + 4δ2ζ1ζ2ξ + ξ2(5ζ21 + δ2ω)

)
σ
2

−
1

6

(
4δ2(3ζ21ζ2 + δ2ζ2ω) + ξ(6ζ31 + δ2ζ1ω + 18δ4λ1)

)
σ
3 −

1

12

(
ω
2 + 72ζ1λ1 − 12δ2ψ4

)
σ
4 + O(σ5)

g =
δ18ξ6

864
+
δ14ξ4

72

(
ζ1ξ + ζ2δ

2
)
σ +

δ10ξ2

72

(
4δ4ζ22 + 8δ2ξζ1ζ2 + 7ζ21ξ

2 + δ2ξ2ω
)
σ
2

+
δ6

216

(
16δ6ζ32 + 48δ4ξζ1ζ

2
2 + 120δ2ζ21ζ2ξ

2 + 70ζ31ξ
3 + 54δ4ξ3λ1 + 24δ4ζ2ξ

2
ω + 15δ2ξ3ζ1ω

)
σ
3

+
δ2

144

(
84ζ41ξ

2 + δ4(96ζ21ζ
2
2 + 5ξ2ω2 + 8ζ1ξ(27λ1ξ + 5ζ2ω)) + 16δ2ζ21ξ(9ζ1ζ2 + 2ξω) + 4δ6(36ζ2λ1ξ − 3ξ2ψ4 + 8ζ22ω)

)
σ
4

+
1

36

(
2
(
3ζ21 + δ2ω

)(
6ζ21ζ2 − ζ1ξω + 2δ2(9λ1ξ + ζ2ω)

)
− 3δ6ξ2 f5 − δ

2
(
δ
2
ζ2 + ζ1ξ

)(
− 72ζ1λ1 + 12δ2ψ4 − ω

2
))
σ
5

−
(
ω3

108
+ ζ1

(
λ1ω + ζ1ψ4

)
+
δ2

3

(
ψ4ω − 27λ21 + f5ν +

ξ2δ4

4
f6

))
σ
6 + O(σ7)
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Realization of the transitions

Consider in 6D an SU(6) tuned on +n curve (σ):

f = −
α4β4

48
−

1

6
α
2
β
3
νσ −

β

6

(
α
2
φ2 + 2βν2

)
σ
2 −

(
3βλ +

νφ2

3

)
σ
3 + O(σ4)

and

g =
α6β6

864
+
α4β5

72
νσ +

α2β3

72

(
4βν2 + α2

φ2

)
σ
2 +

β2

108

(
8βν3 + 9α2

νφ2 + 27α2
βλ

)
σ
3

+
1

36

(
4βν2φ2 + α2

φ
2
2 + 36β2νλ − 3α2

β
2 f4

)
σ
4

+
1

12

(
12λφ2 − 4βνf4 − α

2
β
2 f5

)
σ
5 + O(σ6)

With ∆ = α4β3∆6σ
6 +O(σ7)

To change matter

1
2
20

(
1
2

)
+ 6 ( ) ↔ 15

( )
+ 1

need to change degree of α (15s), β (20s) and ∆6 (6s)..
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Matter transitions in SU(6)

∆ = α4β3∆6σ
6 +O(σ7). To change multiplicities, first let α, ν and λ

develop a common factor

α→ aα′,

ν → aν′,

λ→ aλ′.

Then reabsorb a into β φ2:

aβ → β′,

aφ2 → φ′
2.

Important observation: f and g vanish to orders 4 and 6 when a = σ = 0

⇒ a is a superconformal point.
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Can track matter carefully through the transition:

The discriminant goes to

∆ = a6α4β3∆′
6σ

6 +O(σ7)

29 multiplets participate in total → expected if a blow up in the base

were performed (increase in nT )

+ 2× + 2× 1→ Superconformal Matter→ 1

2
+ 3× + 1

Likewise, can consider SU(7)...
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A
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C
C
C
C
C
C
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Figure 1. SU(7) transition point when blown up. Here, the compactification base was taken to be
Fn, while the original SU(7) gauge group was tuned on S̃. The blow-up procedure introduces three
exceptional curves shown in red, one of which has an I2 singularity. The I2 singularity indicates there
is a strongly coupled SU(2) at the transition point.

The net matter change agrees exactly with the supergravity expectations. Just as with SU(6),
the transition can occur in reverse as well.

A total of 92 multiplets participate in the transition, which is not a multiple of 29.
While the transition does not explicitly require a blowup on the base, the general wisdom
of superconformal points and tensionless string transitions would suggest that the multiplets
in the transition should somehow fit into new tensor multiplets. To see the source of the
mismatch, we can move to the transition point and resolve a using blow-ups on the base. The
blow-ups are performed using the procedure of [2], but we will not go through the details
of the blow-up process here. In the end, a total of three blow-ups are required to resolve a,
leading to a situation illustrated in Figure 1. One of the three exceptional curves carries an I2

singularity, signaling the presence of a new SU(2) gauge algebra with 4 fundamentals. From
anomaly considerations, the change in matter content due to the blowups should satisfy

�nH � �nV = �29�nT . (3.53)

87 multiplets are traded for the three tensor multiplets, while a net of 5 multiplets are needed
to create the 4 fundamentals and 3 vector multiplets of the SU(2) gauge algebra. This adds
up to a total of 92 multiplets, in exact agreement with (3.51). In the limit where the new
exceptional curves shrink to zero size, any gauge groups on the exceptional divisors become
strongly coupled. Hence, the transition point a for SU(7) should involve a superconformal
field theory with three tensor multiplets and a strongly coupled SU(2) gauge symmetry.

Finally, we turn to the SU(8) transition. To convert matter to matter, we first let

– 27 –

∆SU(7) = δ8ξ4
(
− 1

8
ζ71ξ +O(δ2)

)
σ7 +O(σ8)

δ ∼ + , ξ ∼

Start with

ξ → a3ξ

ζ2 → a4ζ2

λ1 → aλ1

ψ4 → a2ψ4.

Then go to

aδ → δ

aζ1 → ζ1.

(3× + 3× + 8× 1)→

Superconformal Matter→

( + 8× + 1)

92 multiplets participate here: Corresponds to 3 tensor multiplets and a

strongly coupled SU(2) gauge symmetry (See talks of Heckman, Rudelius)
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Almost all matter transitions involve such superconformal loci (we’ll come

back to exceptions)

Intriguingly, transitions for SU(8) and higher, superconformal points may

not be resolvable by blowing up the base (no tensor branch?) (See

Tachikawa’s talk).

Let’s turn now to the transitions and superconformal geometry in a dual

heterotic theory...
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Heterotic Geometry: SU(6)

The commutant of SU(6) ⊂ E8 is SU(3)× SU(2) → V = V2 ⊕ V3 with

c1(V2) = c1(V3) = 0

c2(V2) + c2(V3) + c2(Vhidden) = c2(TX3)

Transition moves “pieces” of c2(V2)↔ c2(V3) (within bounds)

6D illustration (Bershadsky, et al):

c2(V ) = 12 + n, c2(V2) = 4 + r , c2(V3) = 16 + 2n + r

Spectra a function of integers (r , n):

r

2
20 + (16 + r + 2n)6 + (2 + n − r)15

Matter transition: V2 ⊕ V3 → V ′
2 ⊕ V ′

3 ⊕ ISM (superconf.)→ V ′′
2 ⊕ V ′′

3

Lara Anderson (Virginia Tech) Matter Transitions and Heterotic/F-theory Duality Caltech- Feb. 24th, ’16 15 / 24



Dual Interpretation: Heterotic M-theory

fixed plane
(hidden sector)

.......fixed plane

Z

.......

Z

1W

Z

nW

M fivebrane
(visible sector) (hidden sector)

S Z2
1 /

(hidden sector)
M fivebrane

Z

5d bulk

Z Wilson line2

xU(1)LH=SU(3)

=3
Y

gen

G vector bundle

C

N

xSU(2)

Higgsing → Deforming V /Yn+1

Blowing-up/down the base → small

instanton transitions across S1/Z2

Exotic transitions → Small instanton

transitions on the same fixed plane

Deformation/Resolution of

superconformal loci

Straightforward to classify which

symmetries admit these matter

transitions. Almost all coupled to

superconformal loci (exceptions:

Duals of SO(32) heterotic theories)

Relevant to recent developments in

superconformal matter
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SU(N) Matter Transitions

What about the heterotic duals of SU(7),SU(8),SU(9) F-theory models?

Here, unlike other cases, the commutant inside of E8 takes the generic

(and special form): S [U(m1)× U(m2)]

These bundles do not generically satisfy HYM eqns. Polystability ⇒
non-trivial D-term conditions constraining the EFT and restricting

moduli. (bundle stability)

Split (U(n)) spectral covers have been studied in many e.g.s (Hayashi, Choi,

Watari, Braun, Mayrhofer, Palti, Weigand...)

Here the special feature is that this splitting is required/generic in the

complete moduli space (leads to new higgsing chains)

Requires much more careful analysis of stable degeneration limits

Y → Y1 ∪X Y2
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Illustration: SU(7)

The commutant of SU(7) ⊂ E8 is SU(2)× U(1) and takes the form:

V = U2 ⊕ L

with c1(V ), but c1(U2) = −c1(L) 6= 0

Tuning from SU(6): V2 → L⊕ L∨, V3 → U2 ⊕ L

Non-trivial constraint, µ(L) = 0

U(1) factor is self-commuting in E8 and Green-Schwarz massive

Representation Cohomology 6D Multiplicity

1 H1(End(U2)) 4c2(U2) − c + 1(L)2 − 6

7 H1(U2
∨ ⊗ L) ⊕ H1(L∨2) (c2(U1) −

5
2
c1(L)

2 − 4) + (−2c1(L)
2 − 2)

7 H1(U2 ⊗ L∨) ⊕ H1(L2) (c2(U2) −
5
2
c1(L)

2 − 4) + (−2c1(L)
2 − 2)

35 H1(L) − 1
2
c1(L)

2 − 2

21 H1(V2
∨) (c2(V2) − c1(L)

2 − 4)
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Het/F Duality: Reducible bundles and spectral covers

How to match general F-theory tuning SU(6)→ SU(7) to bundle

geometry?

D.o.f matching through spectral covers

At SU(6), SU(2)× SU(3) bundle:

SV = (φ2Z
2 + βX )(λZ 3 + νXZ + αY ) = 0

How does this change under SU(6)→ SU(7) tuning? Does it match

V2 → L⊕ L∨, V3 → U2 ⊕ L?

SU(2) piece must factor into sum of line bundle and its dual.

If good spectral cover ⇒ Heterotic geometry must develop an additional

section (alternative: T-branes)
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Spectral Covers: SU(7) illustration

At SU(6), roots of spectral cover (p1 � p2) = 0 (↔ SU(2))

(q1 � q2 � q3) = 0 (↔ SU(3))

At SU(7) expect one p root to overlap q’s and SU(2) component to

become reducible. U(1)’s ⇒ additional section to heterotic ell. fibration
In stable degeneration limit:

f4 → −6ζ1λ1 −
1

12
ω
2 + ψ4δ

2

g6 →
1

108

(
972δ2λ1

2 − 108ζ21ψ4 − 108ζ1λ1ω − 36δ2ψ4ω − ω
3
)

Novel feature: For SU(7),SU(8), multiple paths to stable degeneration

(see also talks of Cvetic, Grassi, Song)

MW rank 1: New section at

[X ,Y ,Z ] =

[
−1

3

(
3ζ1

2 + δ2ω
)
, i

(
ζ1

3 +
1

2
ζ1δ

2ω − 3λ1δ
4

)
,−iδ

]
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SU(7) Spectral Cover

MW rank 1: New section at

[X ,Y ,Z ] =

[
−1

3

(
3ζ1

2 + δ2ω
)
, i

(
ζ1

3 +
1

2
ζ1δ

2ω − 3λ1δ
4

)
,−iδ

]
SU(7) tuning leads to reduced S [U(1)× U(1)]× S [U(2)× U(1)] spectral
cover

(
(3ζ21 + δ2ω)Z2 − 3δ2X )

) (
−3

( 1

3
ζ1

2
ζ2 −

1

18
ζ1ξω +

1

9
δ
2
ζ2ω + λ1δ

2
ξ

)
Z3 + (ζ2δ

2 + ζ1ξ)XZ − δξY
)

= 0

SU(2): (p1 � (−p1)) with p1 new section and (p1 � q2 � q3) = 0 (↔ SU(3))

Perfect agreement with bundle geometry: L⊕ L∨ and L⊕ U2

U(1) only arises in “half” of the stable degeneration geometry → massive

Can explicitly verify D-terms and Kähler axions transforming under U(1)

via shifts: δχi = −c i1(L)ηa
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SU(7), SU(8), SU(9) and higher

Want to contrast the questions what is possible in 6D (resp. 4D) EFT?

vs. What is possible in F-theory? and heterotic compactifications?

We find that at SU(7) both heterotic/F-theory geometries sweep out full

range of EFT and transitions

SU(8) Most transitions realizable in F-theory (except Λ4). Only special

class in perturbative heterotic

SU(9) Most general EFT not realizable in F-theory. No SU(9) solns in

perturbative heterotic.

SU(10) and triple anti-symmetric reps ruled out in F-theory and in EFT

(by anomaly cancellation)
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G ⊂ SO(32) and Matter Transitions

Bundle geometry of SO(32) Small Instanton transitions identical to

E8 × E8 (ADHM construction, etc.)

However, physics very different: SO(32) - EFT, purely Higgsing

transitions. E8 × E8 non-critical tensionless strings

How to see the difference in F-theory?

SO(32) duals involve no superconformal pts.

Example: (SO(6)× SU(2))× SO(22)× SU(2) ⊂ SO(32)

Small Instanton transitions,

VSO(6) ⊕ VSU(2) → V ′
SO(6) ⊕ V ′

SU(2) ⊕ I → V ′′
SO(6) ⊕ V ′′

SU(2)

Transition point: SO(22)× SU(2)→ SO(22)× SU(2)×SU(2) (ordinary

higgsing)
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Summary and Conclusions

Matter transitions provide a useful playground to explore Venn diagram

of EFT vs. F-theory vs. Heterotic

Found general form of SU(N) Weierstrass models with 6 ≤ N ≤ 9 and

novel types of matter (see talk of Raghuram).

In dual pairs, exotic matter transitions in F-theory are linked to heterotic

small instanton transitions and can be classified.

There are new Higgsing chains of geometries which provide an

explicit/calculable arena to explore GS massive U(1)s and their generic

effects.

Novel forms of the stable degeneration limit
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