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Introduction / Motivation 
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  Effective actions of F-theory

➡ F-theory compactifications arguably provide the richest class of string 
theory effective actions 
‣ original excitement about GUTs in F-theory - not realized in pert. strings

‣ numerous examples with exotic matter spectra   
‣ dualities to heterotic and Type I compactifications
‣ new ‘exotic’ theories, for example, 4D N=3 theories of   
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 → e.g. talks of Anderson, Klevers

 → e.g. talks of Mayrhofer, Lüst

[García-Etxebarria,Regalado]

➡ How can we infer reliably information about the 2D/4D/6D effective  
actions of F-theory?

➡ Is there a classification in sight? What do F-theory geometries classify?

➡ Two questions arise:

 → e.g. talk of Weigand

 → e.g. talk Iñaki



  Some background material

➡ Well-known slogan:  
F-theory compactifications  
on elliptically-fibered Calabi-Yau  
threefolds yield 6D theories with  
minimal N=(1,0) supersymmetry

‣ pinching of two-torus indicates location of seven-branes
‣ brane and bulk physics encoded by singular complex geometry

➡ Six-dimensional theories are perfect to answer the above questions
‣ have a rich structure - there are many topologically distinct CY threefolds
‣ are strongly constraint by anomalies - fermions in ‘all’ N=1 multiplets can 

contribute to anomalies 
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  Goals of this talk

➡ (1)  Argue that the complete information in the F-theory geometries    
       actually describe gauge/sugra theories on a circle.

5

➡ (3)  Comment on possibility of classifying Calabi-Yau threefolds (with  
       elliptic fibration) by using the insights from gauge theory.

‣ This is not unexpected since the M-theory to F-theory approach has been 
suggested already in [Vafa ’96].  However, its importance and power might 
have been underappreciated. Currently this limit is the only reliable way to 
infer information about F-theory effective actions. 

➡ (2)  Show that F-theory geometries can teach us valuable lessons about  
       circle-reduced theories.  

‣ Example:  How are anomalies of the higher-dimensional theories visible in the 
lower-dimensional effective theory?



  Goals of this talk

➡ (1)  Argue that the complete information in the F-theory geometries    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6D gauge theories / Sugra theories on circle  ⟺ 
Geometry of resolved elliptically fibered Calabi-Yau threefolds  

➡ (2)  Show that F-theory geometries can teach us valuable lessons about  
       circle-reduced theories.  

➡ (3)  Comment on possibility of classifying Calabi-Yau threefolds (with  
       elliptic fibration) by using the insights from gauge theory.

Our systematics is somewhat complementary to the approach and  
classifications of: [Morrison,Taylor etal.] [Heckman,Morrison,Rudelius,Vafa]



Some comments on the  
M-theory to F-theory duality
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  Approaching the problem via M-theory
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➡ Viewing F-theory as an actually 12 dim. theory is problematic (e.g. torus 
volume unphysical, meaning of non-perturbative states…) 

➡ F-theory effective actions via M-theory (as of now: definition of F-theory)   
Consider M-theory on space       
 
 
 
 
 
 
(1) A-cycle:   if small than M-theory becomes Type IIA  
(2) B-cycle:  T-duality  ⇒  Type IIA becomes Type IIB,     is indeed dilaton-axion  
(3) grow extra dimension:   send                  than T-dual  B-cycle becomes large 

T 2 ⇥M9
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Computing the 4d N = 1 e�ective action I

• need a framework to work with varying � : from M-theory to F-theory (on one slide)

• Basic idea: consider M-theory one T 2 with metric

ds2
11 =

v

Im�

�
(dx + Re �dy)2 + (Im�)2dy2

⇥
+ ds2
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� is the complex structure modulus of the T 2, v volume of T 2
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a) consider A cycle: if small ⇥ M-theory becomes Type IIA strings

b) consider B cycle: T-duality ⇥ Type IIA becomes Type IIB strings

c) grow an extra dimension: send v ⇥ 0 since then T-dual B cycle becomes large

• Claim: the F-theory lift perform steps fiberwise for Y4 is T 2 fibration over B3

M-theory on Y4 (three-dim.) with v ⇥ 0 ⇥ F-theory on Y4 (four-dim.)

v ! 0

F-theory limit:

⌧

 [Vafa]



  Consequences of M-theory to F-theory limit

➡ First step:  approach M-theory via 11D supergravity on a smooth geometry
‣ resolution of singular Calabi-Yau geometry  
⇒ classification of resolutions at each co-dimensions in base
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[almost everyone who has worked on 
F-theory,…]

‣ co-dimension 1 in base  
→ non-Abelian gauge group  
→ simple roots   
       

w

‣ co-dimension 2 in base  
→ matter in representation R  
→ weights      of R  
 

zero section (assumed to exist throughout this talk)

nU(1) + 1‣ Abelian gauge group factors:                     rational sections of the fibration

➡ Second step: M-theory to F-theory limit shrinks fiber torus and resolutions  
and grows extra dimension (5D → 6D) - keep track of M2-brane states
‣ e.g. M2-branes on two-torus fiber correspond to circle Kaluza-Klein states



  Massive states in five dimensions

➡  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11D Sugra on smooth geometry  
⇒  5D effective theory

6D supergravity theory 
(gauge theory) on a circle  
⇒  push to Coulomb branch  
⇒  integrate out all massive modes  
     Both types of theories need to be  

computed and then compared

m = mCB +mKK = wI⇣
I + qm⇣m +

n

r

U(1)rankG ⇥ U(1)nU(1)

w qm

Coulomb branch vevs (blow-up vevs) circle radius (torus fiber volume)

n

➡ 5D gauge group in Coulomb branch:

➡ mass of 5D state at Kaluza-Klein level      descending from 6D state in 
representation R of G with weights       and U(1)-charges



Anomaly cancellation and  
circle compactifications
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  M-theory on Calabi-Yau threefolds

➡ effective action has been studied long ago:  5D N=2 theory
‣ important to us are the Chern-Simons terms:

‣ arise from 11D sugra action including terms up to 8 derivatives 

➡ comparison to Chern-Simons terms obtained after circle reduction  
→  classical and one-loop corrections required
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� 1

48⇡2
KABC

Z

M5

AA ^ FB ^ FC � 1

384⇡2
cB

Z

M5

AB ^ Tr(R ^R)

KABC =

Z

Y3

!A ^ !B ^ !C cA =

Z

Y3

!A ^ c2(Y3)

triple intersection numbers: second Chern class: A = 1, ..., h1,1(Y3)

early works:  [Morrison,Seiberg][Witten][Intriligator, Morrison,Seiberg]

[Ferrara,…]  
[Minasian,…]



  Chern-Simons terms on circle side

➡ Classical and one-loop Chern-Simons terms
‣ classical terms depend on                           (6D tensor coupling, anomaly coefficients)  

 

→                          fixed by geometry    (intersection numbers base, location of branes,  
                                                                               canonical class of base)  
→  there are many more Chern-Simons terms in M-theory   

‣ one-loop CS-terms in the effective theory induced by integrating out:  
 
 

- massive spin 1/2 fermions
- massive spin 3/2 fermions
- massive ‘self-dual’ tensors
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massive Kaluza-Klein states  
of all 6D fields that carry  
chirality and contribute to  
the 6D anomaly

KABC =
X

mass. states

kr · qA qB qC sign(m)

[Bonetti,TG,Hohenegger ‘13]

cA =
X

mass. states

r · qA sign(m)

⌦↵� , b↵, a↵

⌦↵� , b↵, a↵

[Bonetti,TG ‘11]



  Jumping Chern-Simons terms

➡ match was still not possible for certain geometries 

➡ While one-loop CS terms are independent of the precise numerical value of the 
mass of a state, they do depend on  
 
 
→  associate an integer label            to each massive state:   
                is between mass of            and          +1 Kaluza-Klein state     
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n=1

n=0

n=2

mass mass

n=-1

mCB

mCB

n=0 regularization of infinite sum  
over KK modes in one-loop  
CS terms gets modified

mCB

mCBmn
KK = n/r
sign(mCB)(1) sign of CB mass 

(2) hierarchy of                        and 

`w,q
`w,q `w,q

[TG,Kapfer,Keitel ‘13]



  Extending box graphs

➡ Box graphs have been introduced to systematically classify the sign-
information and realized Coulomb branch phases

➡ Example: anti-symmetric representation 10 of SU(5)
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[Hayashi, Lawrie, Morrison, Schäfer-Nameki][Braun,Schäfer-Nameki]…

→  boxes are for the weights      of  
      a representation
→  colors indicate sign-information  
→  clear rules and allowed  
      connections studied 
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➡ Box graphs have been introduced to systematically classify the sign-
information and realized Coulomb branch phases

➡ Example: anti-symmetric representation 10 of SU(5)
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[Hayashi, Lawrie, Morrison, Schäfer-Nameki][Braun,Schäfer-Nameki]…

→ add information about  
     jump levels  
      

+
+ +

+
-

-
-

--
-
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  Extending box graphs

➡ Box graphs have been introduced to systematically classify the sign-
information and realized Coulomb branch phases

➡ Example: anti-symmetric representation 10 of SU(5)
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[Hayashi, Lawrie, Morrison, Schäfer-Nameki][Braun,Schäfer-Nameki]…

→ add information about  
     jump levels  
      

+
+ +

+-
-

-
--

- `w

What are the rules for such diagrams?  What are the inherent symmetries?      



   Large gauge transformations

➡ large gauge transformations precisely induce certain types of jumps
‣ 6D gauge transformation:

‣ shift of Coulomb branch vevs:  
 
 
mix of 5D vectors:  

18

as local symmetries before pushed to the Coulomb branch. In the Coulomb branch one
simply has a purely Abelian local symmetry.

In addition to the lower-dimensional gauge transformations (2.4) we could also have
performed a circle-dependent gauge transformation and then compactified on the circle
y ⇠ y + 2⇡. If one preserves the boundary conditions of the fields in the compactifi-
cation ansatz the gauge invariance of the higher-dimensional theory then implies that
there exists a variety of equivalent lower-dimensional e↵ective theories that are obtained
after circle reduction of the same higher-dimensional theory. Gauge transformations that
cannot be deformed continuously to the identity map are known as large gauge trans-
formations. More concretely, let us consider the e↵ect of a gauge transformation that
locally takes the form

⇤̂I(x, y) =

⇢
�kIy
0

, ⇤̂m(x, y) = �kmy , (2.14)

where kI and km are constants and we have included a minus sign for later convenience.
kI , km will be further restricted below to ensure that (2.14) is in fact a large gauge
transformation (preserving the boundary conditions of all fields). Using the split I =
(I,↵) as in (2.1) we have set ⇤̂↵(x, y) = 0 to ensure that the Coulomb branch values
h⇣↵i = 0 in (2.5) are unchanged. This guarantees that we stay on the considered Coulomb
branch; all the following discussions are performed on this background. The reduction
ansätze (2.3) and (2.11) are also compatible with a gauge transformation (2.14) if one
introduces the new quantities

r̃ = r , ⇣̃I = ⇣I +
kI

r
, ⇣̃m = ⇣m +

km

r
, (2.15)

and
0

BBBBBB@

Ã0

ÃI

Ãm

Ã↵

1

CCCCCCA
=

0

BBBBB@

1 0 0 0

�kI �IJ 0 0

�km 0 �mn 0

1
2
kKkLCKLb

↵ + 1
2
kpkqb↵pq �kKCKJb

↵ �kpb↵pn �↵�

1

CCCCCA
·

0

BBBBB@

A0

AJ

An

A�

1

CCCCCA
. (2.16)

With (2.14) being compatible with (2.3) and (2.11) we mean that the form of the reduc-
tion ansatz after a gauge transformation is unchanged when using the tilded quantities.

Some additional remarks are in order here. First, it is important to stress that the
simple shifts in the vector fields ÃI only occur for the Cartan direction. In the non-Cartan
directions, i.e. for the vectors that are massive in the Coulomb branch, the non-Abelian
structure of G modifies the transformation rule. Second, while h⇣↵i = 0 is preserved by
(2.14) the actual values for h⇣Ii do change in the vacuum. One therefore relates theories
at di↵erent points on the Coulomb branch. In fact, this is a defining property of a large
gauge transformation: they relate theories at di↵erent points in the vacuum manifold of
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Ãm

Ã↵
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ÃI = AI � kIA0 mixing-in the Kaluza-Klein  
vector        rearrangement of  
whole Kaluza-Klein tower

Ãm = Am � kmA0 A0

➡ large gauge transformations act on non-trivially on           ⇒  Symmetry?`w,q

➡ Yes! But only if one takes into account 6D anomalies!  
 

One-loop corrected effective 5D theories differing by the above trans-  
formation are identified if and only if 6D anomalies are cancelled.



  Discovering the 6D anomaly conditions

➡ Recall the form of the 6D anomaly cancellation conditions: e.g. 
 

➡ differ from one-loop Chern-Simons terms: e.g.
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pure Abelian:

pure non-Abelian:

pure Abelian:

pure non-Abelian:

X

q

F1/2(q) qmqnqpqq�(b↵mnb
�
pq + b↵mpb

�
nq + b↵mqb

�
np)⌦↵� =

�3
b↵

�(G)

b�

�(G)
⌦↵� =

X

R

F1/2(R) CR

Kmnp =
1

2

X

q

F1/2(q) qmqnqp (2`q + 1)sign(mq
CB)

KIJK =
1

2

X

R

F1/2(R)
X

w2R

wIwJwK (2`w + 1)sign(mw
CB)

ditions explicitly8

6a↵
b�

�(G)
⌦↵� =

X

R

F1/2(R)AR , (3.4a)

6a↵b�mn⌦↵� =
X

q

F1/2(q)qmqn , (3.4b)

0 =
X

R

F1/2(R)BR , (3.4c)

�3
b↵

�(G)

b�

�(G)
⌦↵� =

X

R

F1/2(R)CR , (3.4d)

�(b↵mnb
�
pq + b↵mpb

�
nq + b↵mqb

�
np)⌦↵� =

X

q

F1/2(q)qmqnqpqq , (3.4e)

where the constants AR, BR, CR are defined as

trRF̂
2 = AR trf F̂

2

trRF̂
4 = BR trf F̂

4 + CR (trf F̂
2)2 . (3.5)

3.2 Circle compactification and Chern-Simons terms

Let us now compactify the theory on a circle and push it to the Coulomb branch. We
use the conventions that six-dimensional fields have a hat, while the hat is dropped on
all five-dimensional fields. At the massless level we obtain rankG five-dimensional U(1)
gauge fields AI from reducing Â and dimG� rankG W-bosons A↵ labeled by the roots
↵ of G. In the Abelian sector we have nU(1)

U(1) gauge fields Am from the reduction of

the Âm. To the dimG+nU(1)

gauge fields one finds associated Wilson line scalars ⇣I , ⇣m.
The expansions of the six-dimensional gauge fields are analogous to (2.10). The scalars
⇣I , ⇣m parametrize the five-dimensional Coulomb branch

h⇣Ii 6= 0 , h⇣↵i = 0 , h⇣mi 6= 0 . (3.6)

These expectation values break the gauge group as G⇥U(1)nU(1) ! U(1)rankG⇥U(1)nU(1)

while rendering the W-bosons massive. The six-dimensional metric also contains the
KK-vector A0, the radius r and a five-dimensional metric gµ⌫ in analogy to (2.9). For
simplicity we assume that gµ⌫ is Minkowskian. Furthermore, we find T

sd

+ T
asd

Abelian
vectors A↵ from reducing and dualizing B̂↵. The details on this reduction can be found,
for example, in refs. [14, 15].

8
We omit Abelian-non-Abelian anomalies, since we will not account for these in the following discus-

sion.
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  Discovering the 6D anomaly conditions

➡ We were able to show:  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pure Abelian:

pure non-Abelian:

pure Abelian:

pure non-Abelian:

(1)  additional      ,       from large gauge  
       transformation acting on 

(2) identities involving four weights to  
      obtain  

X

q

F1/2(q) qmqnqpqq

6D anomalies:

X

R

F1/2(R) CR

(2`q + 1)sign(mq
CB) �! qr

qr wI

�r

�L

CR

Properties of 1-loop CS-terms:

Change in classical 
and 1-loop Chern-  
Simons terms cancel  
if and only if 6D  
anomalies are  
cancelled

(2`w + 1)sign(mw
CB)�! wL

[TG,Kapfer ‘15]



  Arithmetic structures and anomaly cancellation 

➡ A proof anomaly cancellation for F-theory geometries requires to show that 
the large gauge transformations are actually a geometric symmetry. 

‣ for models with only Abelian gauge symmetries this is possible  
 
 
 
 
key:   in the M-theory to F-theory limit we are free to pick the ‘zero-section’  
          that specifies the Kaluza-Klein vector (any choice works fine!)
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large gauge transformations    ≅    Mordell-Weil group of rational sections

[TG,Kapfer ‘15]

MW (Y3) ⇠= ZnU(1) � Zk
1

� . . .� Zkn
tor

[TG,Kapfer,Klevers ‘15]

‣ define new arithmetic structures for non-Abelian large gauge transformations 
define arithmetic structure on geometries with multi-sections 
→ mathematical meanings?

‣ Higgsing might connect non-Abelian models to Abelian models  
→ arithmetic structures need to be compatible  



Comments on the  
classification of threefolds
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  Characteristic topological data 
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➡ Wall’s classification theorem:  

‣ The homotopy types of Calabi-Yau threefolds are classified by the following 
numerical characteristics:    

‣ Spaces differing in these numerical data cannot be continuously deformed 
into each other without encountering singularities.

➡ Are these data systematically specified by the F-theory effective  
actions on an additional circle?

Hodge numbers:
Triple intersection numbers:
Second Chern class:

h1,1(Y3), h2,1(Y3)

KABC

cA



  Information from gauge theories on circles

➡ (1) Hodge numbers are determined by spectrum (in the following: only non-Abelian)

➡ (2) Intersection numbers and second Chern class determined by:

‣ classical data:  
   
 

‣ one-loop data:   spectrum plus circle info (sign table, jump levels) 
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⌦↵� , b↵, a↵

h1,1(Y3) = T + 2 + rank(G)

h2,1(Y3) = Hneut � 1

→ extended box graphs as  
     convenient object for  
     classification?

K0↵� = ⌦↵� c↵ = �12⌦↵�a
�KIJ↵ = �CIJ⌦↵�b

�

++
+

+-
--

-

-
-



  Intersection and Chern class data

➡ Intersection numbers and Chern classes  (non-Abelian groups only)
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spectively. We evaluate for the pure non-Abelian theory [15,16]

⇥
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F (R)
X

w2R

lw (lw + 1) (lw +
1

2
) sign(mw

CB

) , (B.11a)

⇥
0I =

1

12

X

R

F (R)
X

w2R

�
1 + 6 lw (lw + 1)

�
wI , (B.11b)

⇥IJ =
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F (R)
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) wIwJ sign(mw
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) , (B.11c)

where the sums are over all representations and all weights of a given representation. In
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In six-dimensional theories on the circle following the pattern of section 3 we real-
ize that Weyl spinors reduce to Dirac spinors and the KK-modes of former (anti-)self-
dual tensors are massive two-forms with first order kinetic terms, the corresponding
Lagrangians can be looked up e.g. in [11,62,63]. The contributions of these fields to the
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where we labeled the representations of the former six-dimensional massless fields under
the massless little group in six dimensions SU(2) ⇥ SU(2) by their spins. Furthermore
note that because of the (anti-)self-duality condition of the tensors in six dimensions
the contribution of a corresponding KK-mode is only half the one listed in Table 3.1.15

Finally the corrections for the pure non-Abelian theory are given by [15]
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and for the Abelian theory they read
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C Lie theory conventions and trace identities

In this section we summarize our conventions for the Lie algebra theory in this paper. Fur-
thermore we show that the factors appearing in trace reductions of some representation
of a simple Lie algebra can be related to the sum over the weights in that representa-
tion. This will allow us to relate one-loop Chern-Simons terms to non-Abelian anomaly
cancelation conditions since in the former sums over weights are evaluated, while in the
latter factors of trace reductions appear.

Consider a simple Lie algebra g. We define a (preliminary) basis of Cartan generators
{T̃i} enforcing

trf (T̃iT̃j) = �ij , (C.1)
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 Two classification problems

➡ (1) given a 6D N=(1,0) anomaly-free theory in tensor Coulomb branch  
      →  construct classifying topological data of Calabi-Yau threefolds 
‣ Systematics: - start with gauge theories of non-Higgsable clusters  

 

                       - successive un-Higgsing of gauge groups in field theory  
                       - generate tree of topological data  

‣ Challenges:  - moding out symmetries 
                       - detecting additional geometric constraints  
                       - extending analysis to non-resolvable geometries  
 
 

➡ (2) given an set of Calabi-Yau geometries, as provided e.g. by the  
      Kreuzer-Skarke list  
      →  classify 6D N=(1,0) theories associated to elliptic fibrations  

26

⇒ String Universality:  Is F-theory a theory of F-rything in 6D?

[Morrison,  
  Taylor] 



  Conclusions

➡ The map between the Calabi-Yau threefold geometry and a 6D sugra theory on a 
circle has been established at classical and one-loop level.
‣ Anomalies can be inferred from Chern-Simons terms, if the latter are probed by 

large gauge transformations.
‣ Large gauge transformations map to arithmetic structures on ell. fibrations. 

- for Abelian gauge groups one encounters the Mordell-Weil group    
→ general proof of anomaly cancellation for viable F-theory geometries

- new arithmetic structures for non-Abelian groups and geometries with multi-sections.
‣ Extension to 3D/4D has been worked out for chiral spectrum induced by fluxes  

➡  F-theory provides a novel way to approach classification problems.
‣ topological data of resolved Calabi-Yau threefolds are robust and corse 

information directly related to corse information about gauge theories
- Are there mathematical restrictions on viable Hodge numbers, intersection numbers 

Chern classes? → ruling out 6D gauge theories coupled to gravity?
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