Week 1 (due Oct. 9)

Reading: Srednicki 1.1 (i.e. section 1 of Part 1).
1. Consider a system of N bosonic particles. The current operator is
defined to be

50 = 5 D (pad (x — xa) + 6 (x %) Pa)

a=1

Here p, is the momentum operator of the o™ particle. Express the current
operator in terms of the Fock-space field operators ¥(x) and ¥f(x).

2. (a) Let Hy be an infinite-dimensional one-particle Hilbert space. Con-
sider a state in the bosonic Fock space F(H;) which has the form

exp (Z a})\i> 0},

i

where \; are complex numbers, and alT are creation operators with respect to
some choice of basis in H;. What conditions should \; satisfy in order for this
state to have a finite norm? Compute the average (i.e. the expectation value
of the) particle number operator in this state and the standard deviation of
the particle number from the average.

(b) Consider modified bosonic creation and annihilation operators

by =a;— X\, bl =al—\.

Show that they satisfy the same commutation relations as a;, azT and that the
state considered in part (a) is the vacuum state for b;, b}
(c) Consider a Hamiltonian in the bosonic Fock space F(H):

H = Z (wiajai + ﬂia,; + ﬁ:@) ,

where w; are positive numbers and [3; are complex numbers. This Hamil-
tonian does not commute with the particle number operator. Define new
creation and annihilation operators b; and bz as in part (b) and choose A; so
that H takes the form
H=E, bib,
0o+ w;0,; 04,
i



where Ej is a c-number. Since the particle number operators
- — plp.
N; = b;b;

have positive spectrum, this means that the ground state energy is £y. Com-
pute Ejy in terms of w; and 3;. It also follows from this that the ground state
of H in terms of the original Fock space operators a;, al and their vacuum
has the form considered in part (a). Finally, it follows that the Hamiltonian
H describes a system of free bosonic particles with energies w;, but their
creation operators are b rather than a.

(d) Let a,a’ be bosonic annihilation and creation operators, and ¢ be a
real number. Consider linear combinations

b=acosht +a'sinht, b =a'cosht+ asinht.

Such a transformation is called a Bogolyubov transformation. Show that b
and b' satisfy the same commutation relations as a and af, for any ¢. Find
the vacuum state for the operators b, b' (i.e. the state annihilated by b) as an
element in the Fock space of @ and a'. (N.B. Such a state is called a squeezed
state).

(e) Consider the following Hamiltonian in the bosonic Fock space F(H;):

1 1
H = Z (wiaj.ai + E)Vaiai + §>\ZGICLZ) y

where w; and \; are real numbers and w; > 0 for all 7. Find a Bogolyubov

transformation such that in terms of b;,b! the Hamiltonian takes the form

Eo+ ) wiblb;,

where Ey and w} are real numbers. This means that the energy of the ground
state for H is Ey, and that H describes a system on noninteracting bosonic
excitations with energies w;. Express Ej and w; in terms of w; and ;.



