
Homework 1 Solutions Ph 205a Tristan McKinney

1. (a)

It is simplest to first evaluate [N̂ ,Ψ†(y)]:

[N̂ ,Ψ†(y)] =

∫
d3x[Ψ†(x)Ψ(x),Ψ†(y)]. (1)

If we remember the relations

[ÂB̂, Ĉ] = Â[B̂, Ĉ] + [Â, Ĉ]B̂, (2)

[Ψ†(x),Ψ†(y)] = [Ψ(x),Ψ(y)] = 0, (3)

[Ψ(x),Ψ†(y)] = δ3(x− y), (4)

then we have from (1)

[N̂ ,Ψ†(y)] =

∫
d3x{Ψ†(x)[Ψ(x),Ψ†(y)] + [Ψ†(x),Ψ†(y)]Ψ(x)}

=

∫
d3xΨ†(x)δ3(x− y) = Ψ†(y).

(5)

This also tells us

[N̂ ,Ψ(y)] = [Ψ†(y), N̂ †]
†

= −[N̂ ,Ψ†(y)]
†

= −Ψ(y). (6)

The physical meaning of (5) can be understood by applying it to a state
with n particles:

[N̂ ,Ψ†(x)] |n〉 = Ψ†(x) |n〉
[N̂Ψ†(x)−Ψ†(x)N̂ ] |n〉 =

[N̂Ψ†(x)− nΨ†(x)] |n〉 =

N̂Ψ†(x) |n〉 = (n+ 1)Ψ†(x) |n〉 .

(7)

This demonstrates that Ψ†(x) |n〉 is a state with n + 1 particles, so Ψ†(x)
increases the number of particles in a state by one (it creates a particle).

With (5) and (6), we can evaluate [Ĥ0, N̂ ]:

[Ĥ0, N̂ ] =

∫
d3x[Ψ†(x)∇2Ψ(x), N̂ ]

=

∫
d3x{Ψ†(x)[∇2Ψ(x), N̂ ] + [Ψ†(x), N̂ ]∇2Ψ(x)}

=

∫
d3x{Ψ†(x)∇2Ψ(x)−Ψ†(x)∇2Ψ(x)} = 0.

(8)
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The commutator of an operator Q̂ with the Hamiltonian dictates how Q̂

evolves in time by dQ̂
dt

= i[Ĥ0, Q̂]. Thus, (8) implies that the number of
particles is conserved, i.e. the number of particles does not change with time.

1. (b)

It is important to note that position is no longer treated as an operator in
the formalism we are using. Instead, it is merely a label. Anyway, if we
remember that

∫
d3x
(2π)3

ei(q−p)x = δ3(p− q), we can rewrite N̂ in terms of b†(p)

and b(p).

N̂ =

∫
d3x

∫
d3p

(2π)3
b†(p)e−ipx

∫
d3q

(2π)3
b(q)eiqx

=

∫
d3p d3q

(2π)3
b†(p)b(q)

∫
d3x

(2π)3
ei(q−p)x

=

∫
d3p d3q

(2π)3
b†(p)b(q)δ3(p− q)

=

∫
d3p

(2π)3
b†(p)b(p).

(9)

Similarly,

Ĥ0 =
−1

2m

∫
d3x

∫
d3p

(2π)3
b†(p)e−ipx∇2

∫
d3q

(2π)3
b(q)eiqx

=
−1

2m

∫
d3x

∫
d3p

(2π)3
b†(p)e−ipx

∫
d3q

(2π)3
b(q)∇2eiqx

=
−1

2m

∫
d3p d3q

(2π)3
b†(p)(−q2)b(q)

∫
d3x

(2π)3
ei(q−p)x

=

∫
d3p

(2π)3
p2

2m
b†(p)b(p).

(10)

Notice that on the second line of (10), ∇2 only acts on eiqx because the other
terms do not depend on the label x.
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1. (c)

There are several ways to do this. I’ll proceed by noting that b(p) must be
the inverse Fourier transform of Ψ(x):

b(p) =

∫
d3xΨ(x)e−ipx, (11)

b†(p) =

∫
d3xΨ†(x)eipx. (12)

Then

[N̂ , b†(p)] =

∫
d3x[N̂ ,Ψ†(x)]eipx =

∫
d3xΨ†(x)eipx = b†(p). (13)

We can also compute the commutators of b(p) and b†(p):

[b(p), b(q)] =

∫
d3x d3y[Ψ(x),Ψ(y)]e−ipx−iqy = 0, (14)

[b†(p), b†(q)] =

∫
d3x d3y[Ψ†(x),Ψ†(y)]eipx+iqy = 0, (15)

[b(p), b†(q)] =

∫
d3x d3y[Ψ(x),Ψ†(y)]eipx−iqy

=

∫
d3x d3yδ3(x− y)eipx−iqy

=

∫
d3xei(p−q)x = (2π)3δ3(p− q).

(16)

With the above results, we can find our answer directly:

[Ĥ0, b
†(p)] =

∫
d3q

(2π)3
q2

2m
[b†(q)b(q), b†(p)]

=

∫
d3q

(2π)3
q2

2m
b†(q)[b(q), b†(p)]

=

∫
d3q

q2

2m
b†(q)δ3(p− q) =

p2

2m
b†(p).

(17)

(13) and (17) can be understood in the same way that we understood (5).
To be precise, if we apply [N̂ , b†(p)] to a state with definite particle number,
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we see that b†(p) increases the particle number by 1. Similarly, if we apply
[Ĥ0, b

†(p)] to a state with definite energy, we see that b†(p) increases the

energy by p2

2m
:

[Ĥ0, b
†(p)] |E〉 =

p2

2m
b†(p) |E〉

[Ĥ0b
†(p)− b†(p)Ĥ0] |E〉 =

[Ĥ0b
†(p)− Eb†(p)] |E〉 =

Ĥ0b
†(p) |E〉 =

(
E +

p2

2m

)
b†(p) |E〉 .

(18)

This implies that b†(p) creates a particle with energy p2

2m
.

2. (a)

The Baker-Campbell-Housedorf formula will be helpful for computing the
norm:

exp (A) exp (B) = exp (A+B +
1

2
[A,B] + . . . ), (19)

where the ellipsis indicates terms which involve commutators of commutators.
Let us also define

|Ω〉 = exp

(∑
i

a†iλi

)
|0〉 . (20)

The requirement of finite norm implies

〈Ω|Ω〉 =
∏
i,j

〈0| exp

(
aiλ
∗
i + a†jλj +

1

2
[aiλ

∗
i , a
†
jλj]

)
|0〉

=
∏
i,j

exp

(
1

2
δjiλ
∗
iλj

)
〈0| exp

(
a†jλj + aiλ

∗
i

)
|0〉

=
∏
i,j

exp

(
1

2
δjiλ
∗
iλj −

1

2
[a†jλj, aiλ

∗
i ]

)
〈0| exp (a†jλj) exp (aiλ

∗
i ) |0〉

=
∏
i,j

exp
(
δjiλ
∗
iλj
)
〈0|0〉

= exp

(∑
i

|λi|2
)
<∞,

(21)
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which in turn implies ∑
i

|λi|2 <∞. (22)

We used the fact that the commutator of a and a† is just a number, so it
commutes with everything and thus the Baker-Campbell-Hausedorf formula
terminates. Assume that we have chosen to normalize the state as 〈Ω|Ω〉 = C,
where C is a constant. Then

〈N〉 =
〈Ω|
∑

i a
†
iai |Ω〉

〈Ω|Ω〉
=

1

C

∑
i

〈Ω| (aia†i − 1) |Ω〉 . (23)

Now, we can use a trick to simplify this calculation. Notice that

a†i |Ω〉 =
d

dλi
exp

(∑
i

a†iλi

)
|0〉 =

d

dλi
|Ω〉 . (24)

The validity of this formula can be checked by writing out the exponential
as a power series. Given this, we have

〈N〉 =
1

C

∑
i

(
d

dλ∗i

d

dλi
− 1

)
〈Ω|Ω〉

=
1

C

∑
i

(
d

dλ∗i

d

dλi
− 1

)
exp

(∑
j

|λj|2
)

=
1

C

∑
i

(
d

dλ∗i
λ∗i − 1

)
exp

(∑
j

|λj|2
)

=
1

C

∑
i

(
|λi|2 + 1− 1

)
exp

(∑
j

|λj|2
)

=
∑
i

|λi|2 = ln 〈Ω|Ω〉.

(25)

To compute the standard deviation in the particle number, we should use

σ2 =
〈
N2
〉
− 〈N〉2 . (26)
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Then〈
N2
〉

= 〈Ω| 1

C

∑
i

a†iai
∑
j

a†jaj |Ω〉

=
1

C

∑
i

∑
j

〈Ω| (aia†i − 1)(aja
†
j − 1) |Ω〉

=
1

C

∑
i

∑
j

〈Ω| [ai(aja†i − δ
j
i )a
†
j − aia

†
i − aja

†
j + 1] |Ω〉

=
1

C

∑
i

∑
j

〈Ω| (aiaja†ia
†
j − δ

j
i aia

†
j − aia

†
i − aja

†
j + 1) |Ω〉

(27)

Let’s take this one term at a time.

〈Ω| aiaja†ia
†
j |Ω〉 =

∂

∂λ∗i

∂

∂λ∗j

∂

∂λi

∂

∂λj
〈Ω|Ω〉

=
∂

∂λ∗i

∂

∂λ∗j
λ∗iλ

∗
j 〈Ω|Ω〉

=
∂

∂λ∗i
(δjiλ

∗
j + λ∗i + λ∗i |λj|2) 〈Ω|Ω〉

= (δji δ
j
i + δjiλ

∗
jλi + 1 + |λi|2 + |λj|2 + δjiλ

∗
iλj + |λi|2|λj|2) 〈Ω|Ω〉 ,

(28)

〈Ω| δji aia
†
j |Ω〉 = δji

∂

∂λ∗i

∂

∂λj
〈Ω|Ω〉

= δji
∂

∂λ∗i
λ∗j 〈Ω|Ω〉

= (δji δ
j
i + δjiλ

∗
jλi) 〈Ω|Ω〉 ,

(29)

and from before
〈Ω| aia†i |Ω〉 = (|λi|2 + 1) 〈Ω|Ω〉 . (30)

Taking (28), (29), and (30) together, we get〈
N2
〉

=
1

C

∑
i

∑
j

(δjiλ
∗
iλj + |λi|2|λj|2) 〈Ω|Ω〉

= lnC + (lnC)2.

(31)
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Finally, we have

σ2 = lnC + (lnC)2 − (lnC)2 = lnC, (32)

which implies that the standard deviation is given by

σ =
√

ln 〈Ω|Ω〉. (33)

Notice that (25) and (33) provide evidence that the distribution function for
the particle number is a Poisson distribution.

2. (b)

Since ordinary numbers are guaranteed to commute with operators, the fact
that bi and b†i have the same commutation relations as ai and a†i follows
immediately. Before we prove that |Ω〉 is the vacuum for these new operators,
it will be convenient to prove a couple of lemmas. First:

[ai, (a
†
j)
n
] = n(a†j)

n−1
δji . (34)

We can prove this through induction. It clearly holds for the n = 1 case. We
should then prove that it works for the n = k+ 1 case under the assumption
that it holds for the n = k case:

[ai, (a
†
j)
k+1

] = [ai, a
†
j(a
†
j)
k
]

= [ai, a
†
j](a

†
j)
k

+ a†j[ai, (a
†
j)
k
]

= δji (a
†
j)
k

+ a†jk(a†j)
k−1

δji

= (k + 1)(a†j)
k
δji .

(35)

(34) then implies the following general result:

[ai, f(a†j)] =
∂f

∂a†j
δji (36)

whenever f can be expanded as a power series in a†j (since we can just dif-
ferentiate term by term). Note that we could have used this trick as an
alternative route for our calculations in (a).
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Using (36), let’s show that |Ω〉 is the vacuum state for these new raising
and lowering operators.

bi |Ω〉 = (ai − λi) exp

(∑
j

a†jλj

)
|0〉 . (37)

Now, note that

ai exp

(∑
j

a†jλj

)
|0〉 =

[
[ai, exp

(∑
j

a†jλj

)
] + exp

(∑
j

a†jλj

)
ai

]
|0〉

=
∂ exp

(∑
j a
†
jλj

)
∂a†j

δji |0〉

= λi exp

(∑
j

a†jλj

)
|0〉 .

(38)

Therefore

bi |Ω〉 = (λi − λi) exp

(∑
j

a†jλj

)
|0〉 = 0, (39)

which means that |Ω〉 is the new vacuum for these operators.

2. (c)

It’s not too hard to guess the correct answer by looking at the original ex-
pression for the Hamiltonian:

bi = ai +
β∗i
ωi
, (40)

b†i = a†i +
βi
ωi
. (41)

Then ∑
i

ωib
†
ibi =

∑
i

(
ωia
†
iai + βiai + β∗i a

†
i +
|βi|2

ωi

)
, (42)

which indicates that E0 = −
∑
i

|βi|2

ωi
.
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2. (d)

Let’s just do the computation:

[b, b†] = [a cosh t+ a† sinh t, a† cosh t+ a sinh t]

= [a cosh t, a† cosh t] + [a† sinh t, a sinh t]

= cosh2 t− sinh2 t = 1,

(43)

[b, b] = [a cosh t+ a† sinh t, a cosh t+ a† sinh t]

= [a cosh t, a† sinh t] + [a† sinh t, a cosh t]

= cosh t sinh t− sinh t cosh t = 0.

(44)

(44) also implies that [b†, b†] = 0 if we take its complex conjugate. Now, we
need to find some state |Ω′〉 which is the vacuum for b. Let’s assume that
|Ω′〉 = f(a†) |0〉, where |0〉 is the vacuum state for a, since any function of a
will just annihilate the vacuum. Then

b |Ω′〉 = (a cosh t+ a† sinh t)f(a†) |0〉
= ([a, f(a†)] cosh t+ a†f(a†) sinh t) |0〉

=

(
df

da†
cosh t+ a†f(a†) sinh t

)
|0〉 .

(45)

We want the factor in front of |0〉 to disappear, which gives us a differential
equation for f :

df

da†
cosh t = −a†f(a†) sinh t

df

f
= −a† tanh t

ln f = −1

2
(a†)

2
tanh t+ C

f(a†) = exp

[
−1

2
(a†)

2
tanh t

]
,

(46)

where we will absorb the constant into the normalization of the state. Thus,
we have

|Ω′〉 = exp

[
−1

2
(a†)

2
tanh t

]
|0〉 . (47)
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2. (e)

This boils down to solving for t in the Bogolyubov transformation. In this
case, we can have a different ti for each set of raising and lowering operators.

ω′ib
†
ibi = ω′i(a

†
i cosh ti + ai sinh ti)(ai cosh ti + a†i sinh ti)

= ω′ia
†
iai cosh2 ti + ω′i[a

2
i + (a†i )

2
] sinh ti cosh ti + ω′iaia

†
i sinh2 ti

= ω′ia
†
iai(cosh2 ti + sinh2 ti) + ω′i[a

2
i + (a†i )

2
] sinh ti cosh ti + ω′i sinh2 ti

= ω′ia
†
iai cosh 2ti +

ω′i
2

[a2i + (a†i )
2
] sinh 2ti + ω′i sinh2 ti.

(48)

This implies

ωi = ω′i cosh 2ti, (49)

λi = ω′i sinh 2ti. (50)

Then

ω2
i − λ2i = ω′2i (cosh2 2ti − sinh2 2ti)

= ω′2i
(51)

and

ω′i sinh2 ti =
ω′i
2

(cosh 2ti − 1)

=
ω′i
2

(
ωi
ω′i
− 1

)
=

1

2
(ωi − ω′i).

(52)

Finally, these imply

ω′i =
√
ω2
i − λ2i , (53)

E0 =
∑
i

1

2

(√
ω2
i − λ2i − ωi

)
. (54)
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