Homework 4 Solutions Ph 205b Baoyi Chen

1. Let the initial electron and positron have four-momenta p; and p,, respectively, and
the final electron and positron have four-momenta p; and pj. The relevant diagrams
are shown in Srednicki fig. 45.8. The amplitude is then given by
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We then have
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where we have used the relation 775 = is. The squared amplitude |T|?> = T7T* =TT
is given by
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Next we average over the two initial spins and sum over the two final spins to get
1
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Then we use Srednicki Eq. (48.5) to get
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With the help of FeynCalc.m, we obtain that
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Putting all of these together, we get
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Considering the process p1+p2->q1+q2, write four-vector products in terms of the Mandelstam variables
nuo- ScalarProduct[pl] = m?;

ScalarProduct[p2] = m?;

ScalarProduct[ql] = m?;
ScalarProduct[q2] = m?;

ScalarProduct[pl, p2] = ScalarProduct[ql, q2] = —% (s-2m?);

ScalarProduct[pl, q1] = ScalarProduct[p2, q2]

N|=N |-

(t-2m?);

ScalarProduct[pl, q2] = ScalarProduct[ql, p2] = = (u-2m?);

Note that FeynCalc uses the metric signature (+,-,-,-) while Srednicki uses (-,+,+,+), therefore we can

set $m->im$ and consider the relevant sign change while tracing to get the results consistent with
Srednicki convention.

Ine):= TrickMandelstam[i Tr[(-6S[p1] +im). (2 GA[5]).(-GS[p2] -im). (2 GA[5])]

Tr[(-GS[q2] -im). (2 GA[5]).(-GS[ql] +im).(2GA[5]1)], {u, t, s, 4m"2}]

outisel= §2

In[57):= Tr'ickMandelstam[% Tr[ (—GS[pl] +1 m) . (1'1 GA[5]) . (—GS[ql] +1'1m) . (;1 GA[5] )]

Tr[(-GS[q2] -im). (2 GA[5]).(-GS[p2] -im).(2GA[5]1)], {u, t, s, 4m"2}]

Out[57)= tz

In[60):= Tr'ickMandelstam[
%Tr[(—GS[pl] +im).(2GA[5]).(-GS[ql] +im).(2GA[5]).(-GS[q2] -im).

(£ GA[5]1) . (-6GS[p2] -4 m). (i GA[5])], {u, t, s, 4m"2}]

st
out[s0)= ——

2
mei= TrickMandelstam|
%Tr[(—GS[pl] +im).(2GA[5]).(-GS[p2] -im). (2 GA[5]).(-GS[q2] -im).
(L GA[5]1).(-GS[ql] +im). (i GA[5])], {u, t, s, 4m"2}]
st

outfeil= ——
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2. Srednicki 48.2

48.2) From eq. (45.23), we have

(48.31)
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where t = —(p1 — k})? = —(pa — k4)? and u = —(p1 — k))? = —(p2 — k{)%. We can use
—p,u1 = muy to simplify this to

T =g%7, {ﬁ:z’; Eii:;} u . (48.32)
We then have . -
T=gq [Ei T:; E:r ;ﬂ vy . (48.33)
Therefore
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Averaging over the initial spins, we get
o Dy D) + (Pu
(IT1%) = o* {(m(z tt)ﬂz + (sz _ L}z (niz t>t;(_fi2 t>u)] ’ (48.35)
where
(@u) = i'l‘r[(—féz —m)(¥] + 2m)(—g, + m) (¥} + 2m}} ;
(®u) = §Tr[(—Hy —m) (K + 2m) (—#; + m) (Ky +2m)| ,
(Be) = YTx(—h — m) (K1 + 2m) (—#, + m) (ks + 2m)| ,
(®us) = YTx (= — m) ( + 2m) (—, + m) (K, + 2m)| . (48.36)
We have

(®u) = s Telp Koo Kr) + 5m® Teldg gy + 26, K7 + 29 ) — 2081 — 268, — Fify] —m?Tr 1
= 2(p1ky) (p2kh) — (p1p2) ki — m? (4pips + dp1 Ky — dpok — Ky ) — 4m®
= %(t—mz—Mz}(u—mz—Mz) — %(s—2m2}M2
— m2[4(m?—1s) + 2(t—m* - M?) — 2(u—m?—M?) + M?)] — 4m*
= —Li[—tu+m?*(9t + u) + Tm* — 8m>M?* + M| (48.37)



and

(Br) = 1Tr[po 18 Ko) + ﬁm2 Tr{4y, 7y + 20, K1 + 29 K2 — 20,7 — 20,8 — K1 Ko] — m* Tr 1
(p1k1) (p2k3) + (1K) (p2ky) — (p1p2) (K1 K3)
— m2(4p1pa + 2p1k; + 2p1kh — 2pok) — 2pokh — Kjkb) — dm*
= 1t—-m?-M?)? + L(u—m*—M?)? — 1(s—2m?)(s—2M?)
—m*[4(m?—1s) — (M?—1s)] — 4m*
= —i[tu + 3m*(t +u) + 9m* — 8m*M*? — M?). (48.38)

The extra factor of one-half compared to the crossing-related process e — e (o arises

because we are summing (rather than averaging) over the final electron spin in the latter
case.



3. Srednicki 48.4

48.4) a) p1

-

—P2

For notational convenience we omit primes on the final momenta. The amplitude is then
T = guivp, and so T = gtouy, |T|* = ¢° Trlurtirveta], (|T1%) = ¢° Tr[(—#1+m)(—¢p—m)] =
g*(—4p1p2 — 4m?) = 2¢*(M? — 4m?).

Using our results from problem 11.1b, we have I' = ((|T|?)/16xM)(1 — 4m?/M?)1/?2 =
(g2 M /87)(1 — dm? /M?)3/2,

b) From eq. (38.28), with spin quantized along the z-axis we have

w1t = %(1 — s175¢) (=¥, +m),
valy = 3(1 — sovs#)(—, —m) (48.49)

and we take p; = —po = pZ with p = %M(l — 4m?/M*)V/2, Thus we have

|T|2 = g2 Tr[u1T1v272]

= 397 Tr[(1 — s17s) (=4, + m)(1 — s2%5) (=, — m)] - (48.50)
Since a trace with a single 5 and three or fewer gamma matrices vanishes, we have
IT? = 19° Tr[(— +m)(—#p — m) + s182(s) (—#y + m) () (= —m)] . (48.51)
Using ys¢ = —¢d+ys and 42 = 1, we have
IT? = 19° Te[(—#y +m) (= — m) + s1826(—y — m)E(—# —m)] . (48.52)

Then using d§ = —pd — 2ab along with zp; = zpe = 0 and f¢ = —22 = —1, we have

17> = igz'ﬁ[( By +m) (g —m) - 8152(*151 +m) (=g, —m)]

= 197 (1 + s182) Tx[(—, + m)(—¢, — m)]
= 4 g%(1 + s183)(—4p1ps — 4m? )
Lg% (1 + s182)(M? — 4m?) . (48.53)
This vanishes if s; = —sg or if M = 2m. Reason: since ¥ has even parity, so must ¢. An

electron-positron pair with orbital angular momentum £ has parity —{—1)“3. Thus £ must be
odd. A particle with zero three-momentum cannot have nonzero orbital angular momentum,
s0 |T|? vanishes if M = 2m. Also, since the initial particle has spin zero, the total angular
momentum must be zero. Thus there must be spin angular momentum to cancel the orbital



angular momentum, and so the spins must be aligned; thus |7|> vanishes if the spins are
opposite.

c¢) For helicities s; and sy, we have

p1 = (E,0,0,+p),

p2 = (E,0,0,—-p),

z1 = (p,0,0,+E)/m,

z9 = (p,0,0,—E)/m , (48.54)

with E = 1M and p = 1M (1 — 4m?/M?)}/2. We have 21p1 = zopo = 0, and so

IT1? = 1g* Tr[(1 — s1vs5£,) (—#; +m)(1 — s27525) (—py — m)]
= 592 Tr[(—¢, + m)(—#y — m) + s152¢, (=) — M)Ez(—P, — m)]
= 592 Tr[(_ﬁ + m)(—p’2 —m)+ 31321'!1(_5{1 - m)#z(_ﬁz —m)]
= —g*(p1p2 + m?) + g*s182[(21p2) (22p1) — (2122) (P1p2) + MP21 23] - (48.55)

From eq. (48.54), we see that 2;p; = zop; = —2Ep/m and 2129 = p1pa/m? = —(E? +p?)/m?.
Plugging these in, we find

IT|? = 36%(1 + s189)(M? — 4m?) . (48.56)

There can be no orbital angular momentum parallel to the linear momentum, and so the z
component of the spin angular momentum must vanish. The total spin along the Z axis is
81 — 82, and so the helicities must be the same to get a nonzero |T|?. Parity again explains
why |T|?2 =0 if M = 2m.

d) Now the amplitude is 7 = igii;Ysve, and so T = igUaysuy, |T|> = —g° Tr[vaTaysui Ty 7s),
(T = —¢* Te[(—#y—m)ys(—#1 tm)s] = —g° Tr[(—fy—m) (# +m)] = —g*(dpip2 — 4m?) =
2g> M?. This is larger by a factor of M?/(M? — 4m?). It is larger because i¥U~y5¥ has odd
parity, and therefore so must . Thus the orbital angular momentum of the electron-positiron
pair must be even, and in particular must be zero, since £ = 2 or larger could not be cancelled
by spin. With zero orbital angular momentum, |7'|? need not vanish for zero electron three-
momentum, leading to a larger decay rate.

e) Redoing part (b) yields

IT? = —19° Trl(1 = s175#) (=#; +m)y5(1 — s295#) (—# — m) — 3]
= — 19" Te[(1 — s19#) (%1 + m) (1 + s275) (g — )] (48.57)
Comparing with the second line of eq. (48.50), we see that eq. (48.57) has an extra overall

minus sign, s — —sg, and ps — —pe. Therefore, comparing with the third line of eq. (48.53),
we get

IT)? = —1g%(1 — s182)(4p1p2 — 4m?)
= 1g*(1 — s1s2) M. (48.58)
This vanishes if s; = s9. We know the electron-positron pair has even orbital angular mo-

mentum, and the total angular momentum must be zero. The only possibility is £ = 0 and
s =81 + sy =0, so |T|? vanishes if s; = ss.



Redoing part (c) yields the same changes. Therefore, comparing with the last line of eq. (48.55)
yields

IT|? = g*(—p1p2 + m?) + g?s182[—(21p2) (22p1) + (2122)(P1p2) + M2 2120
= 1g%(1+ s1s9)M? . (48.59)

As in part (c), there can be no orbital angular momentum parallel to the linear momentum,
and so the z component of the spin angular momentum must vanish. The total spin along
the % axis is s; — 8o, and so the helicities must be the same to get a nonzero |T|2.



