
Homework 6 Ph 205b Baoyi Chen

1. (a) Gauge transformations take Aµ → Aµ + ∂µf , where f is a scalar function of
spacetime. This means

Fµν → ∂µAν + ∂µ∂νf − ∂νAµ − ∂ν∂µf
= Fµν .

(1)

Thus, the field strength is gauge invariant by itself, and we only need to worry
about the Chern-Simons term. Then

εµνρAµ∂νAρ → εµνρ(Aµ + ∂µf)∂ν(Aρ + ∂ρf)

= εµνρAµ∂νAρ + εµνρAµ∂ν∂ρf + εµνρ∂µf∂νAρ + εµνρ∂µf∂ν∂ρf

= εµνρAµ∂νAρ + εµνρ∂µf∂νAρ.

(2)

Also, ∫
d3xεµνρ∂µf∂νAρ = −

∫
d3xεµνρ∂ν∂µfAρ = 0 (3)

after integration by parts, so we have∫
d3xεµνρAµ∂νAρ →

∫
d3xεµνρAµ∂νAρ, (4)

and we see that the action is gauge invariant. Now let’s find the EoM for A using
the Euler-Lagrange equation. First, we have

∂L
∂Aµ

=
1

2
kεµνρ∂νAρ

=
1

4
kεµνρ(∂νAρ − ∂ρAν)

=
1

4
kεµνρFνρ.

(5)

Next, using
∂Fρσ

∂(∂νAµ)
= δνρδ

µ
σ − δνσδµρ , (6)

we have

∂L
∂(∂νAµ)

= −1

2

∂Fρσ
∂(∂νAµ)

F ρσ +
1

2
kερνµAρ

= −1

2
(F νµ − F µν) +

1

2
kερνµAρ

= F µν +
1

2
kερνµAρ,

(7)

which implies

∂ν
∂L

∂(∂νAµ)
= ∂νF

µν +
1

2
kερνµ∂νAρ

= ∂νF
µν − 1

2
kεµνρ∂νAρ

= ∂νF
µν − 1

4
kεµνρFνρ.

(8)
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Putting the pieces together, we have that the equations of motion for the gauge
field are

1

4
kεµνρFνρ = ∂νF

µν − 1

4
kεµνρFνρ

1

2
kεµνρFνρ = ∂νF

µν

εαβµ εµνρFνρ =
2

k
εαβµ ∂νF

µν

(δανδβρ − δαρδβν)Fνρ =
2

k
εαβµ ∂νF

µν

Fαβ =
1

k
εαβµ ∂νF

µν .

(9)

This implies

Fαβ =
1

k
εαβµ ∂ν

(
1

k
εµνρ ∂σF

ρσ

)
=

1

k2
∂ν∂σ(δανδβρ − δβνδαρ )F ρσ

=
1

k2
(∂α∂σF

βσ − ∂β∂σFασ)

=
1

k2
[∂α∂σ(∂βAσ − ∂σAβ)− ∂β∂σ(∂αAσ − ∂σAα)Fασ]

=
1

k2
(−∂α∂σ∂σAβ + ∂β∂σ∂

σAα)

(10)

The final line of (10) is equivalent to

(k2 + ∂2)Fµν = 0, (11)

so we see that Fµν satisfies the Klein-Gordon equation with mass m2 = k2. Since

we are in 2 + 1 dimensions, these massive particles have 1 polarization, which
comes from the fact that A0 is nondynamical and we can eliminate one more
component through gauge transformations.

(b) The Gauss law constraint comes from the Euler-Lagrange equation for A0. We
have

∂L
∂A0

=
1

2
kε0νρ∂νAρ =

1

2
kB. (12)

Furthermore,

∂ν
∂L

∂(∂νA0)
= ∂νF

0ν − 1

4
kε0νρFνρ

= ∂iF
0i − 1

2
kB

= ∇ · ~E − 1

2
kB

(13)
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Then the analog of the Gauss law constraint is

∇ · ~E = kB. (14)

Now let’s find the momentum conjugate to Ai. We have from (7)

∂L
∂(∂0Ai)

= F i0 +
1

2
kερ0iAρ, (15)

which implies

pi = −Ei +
1

2
kεijAj. (16)

Before we find the Hamiltonian, let’s rewrite the Lagrangian a bit. First, notice
that

FµνF
µν = F0iF

0i + Fi0F
i0 + FijF

ij, (17)

but
Fi0F

i0 = F0iF
0i = −(∂iA0 − ∂0Ai)2 = −E2 (18)

and
FijF

ij = F12F
12 + F21F

21 = 2(∂1A2 − ∂2A1)
2 = 2B2. (19)

Then we have

L = −1

2
(−E2 +B2) +

1

2
k(ε0ijA0∂iAj + εj0iAj∂0Ai + εij0Ai∂jA0). (20)

The equation for the Hamiltonian is

H = pi∂0Ai − L. (21)

We have

pi∂0Ai = −Ei∂0Ai +
1

2
kεijAj∂0Ai, (22)

so (21) implies

H = −Ei∂0Ai +
1

2
(−E2 +B2)− 1

2
k(ε0ijA0∂iAj + εij0Ai∂jA0). (23)

Integration by parts gives us

εij0Ai∂jA0 → −A0ε
ij∂jAi = A0B. (24)

Thus, we have

H = −Ei∂0Ai +
1

2
(−E2 +B2)− A0kB. (25)
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We can then write

H = −Ei(∂iA0 − Ei) +
1

2
(−E2 +B2)− A0kB

= E2 +
1

2
(−E2 +B2)− Ei∂iA0 − A0kB

→ 1

2
(E2 +B2) + A0(∂iE

i − kB)

(26)

We integrated by parts in the last step. Thus, we see that A0 acts as a La-
grange multiplier which enforces (14), and assuming the Gauss’s law constraint
(i.e. plugging back in the equation of motion for A0) gives us

H =
1

2
(E2 +B2). (27)

I think this is actually what the problem wanted. Now, we can use (16) to write

Ei =
1

2
kεijAj − pi, (28)

which implies

E2 =
1

4
k2εijεikAjA

k − kεijpiAj + p2

=
1

4
k2A2 − kεijpiAj + p2,

(29)

so the action can be written

S =

∫
d3x

[
pi∂0Ai −

1

2

(
p2 − kεijpiAj +

1

4
k2A2 +B2

)
− A0(∂iE

i − kB)

]
=

∫
d3x

[
pi∂0Ai −

1

2

(
p2 − kεijpiAj +

1

4
k2A2 +B2

)
− A0

(
1

2
kB − ∂ipi − kB

)]
=

∫
d3x

[
pi∂0Ai −

1

2

(
p2 − kεijpiAj +

1

4
k2A2 +B2

)
+ A0

(
∂ip

i +
1

2
kB

)]
.

(30)

(d) The Poisson brackets are given by

{Ei(x), B(y)} = {−pi +
1

2
εijAj, εkl∂kAl}

= −εkl∂k{pi, Al}+
1

2
εijεkl∂k{Aj, Al}

= −εkl∂kδilδ2(x− y) +
1

2
εijεkl∂k(0)

= εik∂kδ
2(x− y).

(31)
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(e) We can compute the propagator for the photon by writing down the Lagrangian
in momentum space and inverting the coefficient of A2. Because this theory is
gauge invariant (see part (a)), we will need to gauge fix. We can do this by adding
a gauge fixing term to the Lagrangian:

L = −1

4
FµνF

µν +
1

2
εµνρAµ∂νAρ −

1

2ξ
(∂µA

ν)2. (32)

Then the Lagrangian in momentum space looks like

L = −1

2

[
Aµ

(
p2gµν − pµpν − 1

ξ
pµpν + ikεµνρpρ

)
Aν

]
. (33)

Defining

[∆−1]µν(p2) = i

[
p2gµν −

(
1 +

1

ξ

)
pµpν + ikεµνρpρ

]
, (34)

the most general form for ∆µν(p
2) allowed by Lorentz invariance is

∆µν(p
2) = −i(agµν + bpµpν + cεµνρp

ρ), (35)

Where a, b, and c are functions of p2 and k. Note that this is possible because k
has mass dimension one. Then we have

∆µν [∆
−1]νλ = (agµν + bpµpν + cεµνρp

ρ)

×
[
p2gνλ −

(
1 +

1

ξ

)
pνpλ + ikενλρpρ

]
= ap2δλµ +

[
b− a− a

ξ
− bp2

(
1 +

1

ξ

)]
pµp

λ

+ (cp2 + iak)ελρµ pρ + ickεµνρε
νλτpρpτ

(36)

But
εµνρε

νλτpρpτ = pµp
λ − p2δλµ, (37)

so we have

∆µν [∆
−1]νλ = (a−ick)p2δλµ +

[
b− a− a

ξ
− bp2

(
1 +

1

ξ

)
+ ick

]
pµp

λ

+ (cp2 + iak)ελρµ pρ.

(38)

To start, this implies

cp2 + iak = 0

c = −iak
p2
.

(39)

Furthermore, we must have

a− ick =
1

p2
, (40)
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so we get

a− ak
2

p2
=

1

p2

a =
1

p2 − k2
.

(41)

This also implies from (39) that

c =
ik

p2(k2 − p2)
. (42)

In the Lorenz gauge, ξ → 0, so we should only worry about the terms with 1
ξ
.

Then we have

a

ξ
+ bp2

1

ξ
= 0

b = − a

p2

=
1

p2(k2 − p2)
.

(43)

Altogether, the expression for the propagator is

∆µν(p
2) =

−i
p2 + k2

(
gµν −

pµpν
p2
− ikεµνρp

ρ

p2

)
. (44)
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