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Landscapes and extra dimensions

¥ Extra dimensions = Landscapes of lower dimensional vacua.

t

¥ Eternal inßation - transitions within 4D EFT 

between vacua.

? Why are some dimensions small and others large ?

? What about the extra dimensions ?

¥ Do extra dimensions play a direct role in dynamics, or just provide the 

possibility of different 4D physics?



Dynamical CompactiÞcation
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¥ We will Þnd non-singular black brane solutions that interpolate across event 

horizons between a D dimensional de Sitter space and a D-q dimensional 

open FRW universe with a stabilized q-sphere.

2

the big bang of our FRW universe is simply a coordinate singularity, that when continued across,yields a pre-big
bang epoch in which compactiÞeddimensionswere once large. Similar proposalsfor embedding a lower dimensional
cosmologywithin a higher dimensional spacehave been made in [8Ð12].

The dynamical compactiÞcation scenarioalso has an analogy in four-dimensional black hole physics: in de Sitter
spacethere will be a non-zeroprobabilit y to pair-producechargedblack holesfrom the vacuum [13Ð19].This will lead
to a fractally bifurcated structur e of future inÞnity [20] very reminiscent of eternal inßation (a processin which pocket
universesof diverseproperties are nucleatedout of a background de Sitter space,dividin g future inÞnity amongmany
di! erent vacua). The black holesnecessarily include singularities, and there are no smooth solutions that interpolate
betweena four-dimensional de Sitter background and a non-singular two-dimensionalcosmology. However, this is not
true of the interpolating black brane solutions described above, which can give rise to a competely non-singular lower
dimensional cosmology.

There have been other attempts to dynamically account for our observed four-dimensional world in a higher-
dimensional theory. Brandenberger and Vafa [21] used the properties of intersecting strings to suggestthat thr ee
spatial dimensionscould naturally expand while others remained compact. Karch and Randall [22] argued that a gas
of branes with various dimensionalities would relax to one dominated by three-branes. Our proposal starts from a
dramatically di! erent initial state: empty de Sitter spacein higher dimensions. Of course this is not necessarilya
natural starting point from the perspective of string theory, which seemsto favor Minkowski or anti-de Sitter vacua.
Nevertheless, if some other processformed (for example) a six-dimensional de Sitter vacuum in string theory, our
proposal could explain the transition from six to four dimensions.

In the following section, we outline the theory and method used to Þnd solutions. Next, we classify the solutions
with maximally symmetric D ! q dimensional sectionsin Sec.I I I. Solutions with homogenousbut anisotropic D ! q
dimensional sectionsare described in an appendix. In Sec.IV A, we construct the Euclidean instanton solutions, and
describe the global structure of the spacetime. We then addressthe cosmologicalconstant problem in Sec. V, and
discussthe possibility of embedding lower dimensional inßation into the model in Sec.VI. Finally, we conclude and
discussfuture directions in Sec.VI I.

I I. DIMENSIONAL REDUCTION

A. Action and metric ansatz

We aim to classify solutions of D dimensional Einstein gravity (with and without a cosmologicalconstant) coupled
to a q-form Þeld strength that possessq-dimensional spherical symmetry. This system is described by the action

S =
M D ! 2
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where M D is the DÐdimensionalplanck mass (with 8! GD = M 2! D
D ), and the tilde denotes that each quantit y is

evaluated in the D-dimensional Einstein frame. In each D-dimensional theory, there can be multiple q-form Þeld
strengths ranging from q = 2, 3. . . , D ! 2.

Assuming q-dimensional spherical symmetry, we can write the metric in the product form

d÷s2 = ÷gp+2
µ ! (x)dxµ dx! + R2(x)d# 2

q, (2)

whereD = p+ 2+ q, d# 2
q = d" 2

1 + sin2 "1d" 2
2 + . . . + sin2 "1 . . . sin2 "q! 1d"q, and µ, # = 0, 1, . . . p+ 1. The radius of the

q-sphereR(x) and p+ 2-dimensionalmetric ÷gp+2
µ ! (x) will in generalbe a function of the p+ 2-dimensional coordinates

x. Magnetic q-form Þeld strengths solving MaxwellÕsequations (trivially) and respecting the q-dimensional spherical
symmetry are given by

Fq = Q sinq! 1 " 1 . . . sin"q! 1d"1 . . . " d"q. (3)

For simplicit y we do not consider electric ßuxes in the following and construct solutions with a single Þxed q (ie
multiple q-form chargesare not turned on simultaneously).

B. Radion poten tial

Becausewe have assumedq-dimensionalsphericalsymmetry, it is possibleto recast the D-dimensionalgravitation al
action in the form of a p + 2-dimensionalgravitational action coupled to the scalar Þeld R(x). We can write the D-

¥ These solutions can be nucleated out of D-dimensional dS space, 

explaining how extra dimensions became compact.

¥ Many types of lower-dimensional vacua exist and can be populated.
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secondzero. Thus, in contrast to the solutions in Sec.IV for an FRW metric ansatz, there can be no interpolating
solutions connecting the asymptotic ! ! " region to the potential minimum. The geometr ies will therefore have
a causal structure similar to the singular solutions of Sec. IV. Moving the stationary point in the motion of the
radion Þeld to the potential maximum, the anisotropy becomesunimportant, and it will be possibleto Þnd the Nariai
solution discussedin Sec.IV
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FIG . 4: A sketch of the solutions with a ßat or open FRW ansatz for the p + 2-dimensional metric and ! = 0. Beginning from
turning points of φ (Þlled circles), the evolution will be in the potential V for τ tim elike (tra jectories above the potential) or
! V for τ spacelike (tra jectories below the potential). For an open FRW ansatz, solutions can be speciÞedby the location of
a turning point at φ > φmin , where úφ = 0 and a = 0. From the turning point, the Þeld evolves to φ " # in a region where
τ is spacelike, universally approaching the attractor solution Eq. 53. It is possible to contin ue across the turning point to a
region where τ is tim elike. These solutions either oscillate about the potential minimum, eventually returning to the original
turning point (ind icated by the double arrows on the middle tra jectory), or become singular in Þnite τ (indicated by the x
at the end of the top tra jectory). For a ßat FRW metric ansatz, there are solutions where τ is everywhere spacelike, and the
Þeld interpolates between the potential minimum and φ " ± # . Solutions without a turning point (the bottom tra jectory) are
always singular.
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FIG . 5: The D -dimensional causal structure of the solutions discussedin the text and shown in Fig. 4. In the top row, we show
the tim elike singular (left), spacelike singular (center), and oscillatory (righ t) solutions generated from an open FRW metric
ansatz. In the bottom row are the extremal solutions generated from a ßat FRW metric ansatz for p odd (left) and p even
(righ t). Event horizons correspond to the non-singular big-bang and big-crunch surfacesin the p + 2 dimensional cosmological
solutions, and are color-coded to correspond to the endpoints in Fig. 4. Singularities occur when the energy density in φ
divergesat a = 0, and the asymptotically ßat D -dimensional regions are described by the attractor solutions at large φ.
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FIG . 1: A portion of the Penrosediagram for a Schwarzschild black hole. To the future of the event horizon, ! is a tim elike
coordinate, and the ! , x plane (which is shown here) resembles a big-crunch cosmology that begins from a completely non-
singular Õbig-bangÕat the event horizon. The value of R at the horizon is determined by the turning point shown on the
potential (Þlled circle). On subsequent surfaces of constant ! , R evolves in the sketched potential V , eventually reaching a
singularit y as R is pushed to zero. To the past of the event horizon, ! ! i ! , and ! becomes a spacelike coordinate. The
value of R on surfacesof constant ! is determined by its motion in the upside-down potential " V . This pushesR ! # as the
asymptotically ßat region far from the black hole is approached.

It is possibleto carry the four-dimensional black hole example a bit further to highlight in more detail our method
of constructing solutions. We can write the metric in the form

ds2 = ! d! 2 + a2(! )dx2 + R2(! )d! 2
2, (3)

which in the ! , x plane describes a two-dimensional FRW universein which the radius of the two-sphereR evolves
with proper time ! . The Einstein equations yield (seeRef. [3] for more details)

R!! +
R!2

2R
= !

1
2R

= !
dVef f

dR
, a = R!, (4)

where it can be seenthat the systemof equations is that of a Þeld R subject to the potential Vef f = 1
2 logR evolving

in a two-dimensionalFRW universe. Again, the Õbig-bangÕat a = 0 will correspond to an event horizon in the black
hole geometry. The radius at which this occurs will be in one-to-onecorrespondencewith the massof the black hole,
and we can therefore classify solutions by turning points in the motion of R (where, by the equations of motion,
a = 0). As expected, the potential drives R " 0, corresponding to the singularity of the black hole. To generate
the region of the black hole outside of the horizon, we use the intuition developed above, and analytically contin ue
! " itau . This takesa " ia and Vef f " ! Vef f in the equationsof motion. Now, starting from a turning point, R is
pushedto inÞnit y, corresponding to the asymptotically ßat region far from the black hole. In this piecewise manner,
it is possibleto sew together the regions inside and outside the horizon by looking at the motion of R away from a
turning point in eith er the potential Vef f or ! Vef f as shown in Fig, 1. An analogousmethod will now be applied to
the construction of D-dimensional solutions possessing q-dimensional spherical symmetry.

B. Action and metric ansatz

We aim to classify solutions of D dimensional Einstein gravity (with and without a cosmologicalconstant) coupled
to a q-form Þeld strength that possessq-dimensional spherical symmetry. This system is described by the action

S =
M D " 2

D

2

!
dD x

"
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#
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1
2q!

÷F 2
q

$
, (5)

where M D is the DÐdimensionalplanck mass (with 8" GD = M 2" D
D ), and the tilde denotes that each quantit y is

evaluated in the D-dimensional Einstein frame. In each D-dimensional theory, there can be multiple q-form Þeld
strengths ranging from q = 2, 3. . . , D ! 2.
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a = R! = 0 specify solution by R at the horizon¥ Event horizon where 
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¥ Continuing across the horizon:

¥ This method of dimensionally reducing to a ÒradionÓ R living in 

lower dimensions (the open FRW) can be used to classify a wide 

variety of solutions.
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¥ Now, we can stabilize R:                     is a solution.AdS2 ! S2
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¥ Now, we can stabilize R:                     is a solution.AdS2 ! S2

¥ There is a ÒlandscapeÓ of vacua, one for each Q.
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¥ Add a 2-form: charge the black hole.
Vef f

R

¥ Now, we can stabilize R:                     is a solution.AdS2 ! S2

¥ There is a ÒlandscapeÓ of vacua, one for each Q.

¥ The black hole solutions can have multiple horizons.
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¥ Add a cosmological constant

dS2 ! S2
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¥ There are new ÒcompactiÞcationÓ solutions.
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FIG . 1: The causal structure of the black hole spacetimes.

ßat space.There is a tripple degeneracywhen GM ! 2 = 2/ 9 and GQ2! = 1/ 4, in which casethe single horizon is at
r = (2! )! 1/ 2. The outer black hole horizon is degeneratewith the cosmologicalhorizon when

M 2! =
1
18

!
1 + 12GQ2! + (1 ! 4GQ2! )3/ 2

"
(5)

The inner and outer black hole event horizons are degenerate when

Q2 " GM 2
#
1 +

M 2!
2

+ O(M 4! 2)
$

(6)

For a negativecosmologicalconstant, there areasmany astwo real positivezerosof Eq. 2. The negativecosmological
constant tends to decreasethe size of the event horizons compared with an equivalent black hole in asymptotically
ßat space. [[When are the inner and outer black hole event horizons degenerate?]]

The full causalstructure of the black hole spacetimesis shown in Fig. 1. Note that the singularity is always timelik e
for nonÐzerocharge. Non-extremal solutions possessthe maximum number of horizons, extremal solutions refer to
the casewhere the inner and outer black hole event horizons are coincident, degeneratesolutions have a coincident
outer black hole and cosmologicalevent horizon, and degenerateextremal black holes (only possiblewith a positive
cosmologicalconstant) have all three horizons coincident.

I I I. NEAR H ORIZ ON LIMITS AND COMP A CTIFIED DIMENSIONS

In this section, we will examine the solutions presented above in more detail, focusing on the local properties of
the metric in various regions. We will make use of two limiting procedures: coincident horizon and near-horizon.
In both cases,one recognizesthat there are regions of the four-dimensional solution that correspond to the product
of a maximally symmetric twoÐdimensional manifold and a twoÐsphereof constant radius. We will further see that
extremal, degenerate,and extremal degeneratesolutions can in somesensebe thought of as interpolating solutions
betweenvacua of di" erent dimensionality.

As an illustration of the nearÐand coincidentÐhorizon limits, consider a charged black hole in the absenceof a
cosmologicalconstant; this is simply the ReissnerÐNordstromsolution. We Þrst deÞnea set of coordinates that covers
the region betweenthe outer black hole horizon and future null inÞnity

R1 = ! ! ", R2 = ! + ", R = ! + " cosh#, $ =
"

! 2 t (7)

Adding matter

¥ Add a cosmological constant

R

Vef f

¥ Can have up to three horizons: 2 BH and 1 cosmological

This region interpolates between:  
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Adding matter

¥ Add a cosmological constant

R

Vef f

¥ Can have up to three horizons: 2 BH and 1 cosmological

This region interpolates between:  

4D dS and 2D FRW
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Adding matter

¥ Add a cosmological constant

R

Vef f

¥ Can have up to three horizons: 2 BH and 1 cosmological

¥ Charged black holes in de Sitter are Òinterpolating solutions.Ó

¥ The thermal properties of de Sitter space add interesting dynamics......



Black hole nucleation

¥ de Sitter space is semi-classically unstable to the nucleation of charged 

black holes.

! = A exp[! (Sinst ! SdS )]

¥ The 2D region inside of each black hole is spontaneously nucleated -              

An example of ÒDynamical CompactiÞcation.Ó

¥ Globally, an inÞnite number of black holes are nucleated, populating all 

possible 2D crunching universes.

¥ Future inÞnity of the dS space is split into many disconnected regions.

What if the lower dimensional FRW was 4D and didnÕt end in a crunch?

Now enters the magic of higher dimensional GR....



A very simple theory

2

the big bang of our FRW universe is simply a coordinate singularity, that when continued across,yields a pre-big
bang epoch in which compactiÞeddimensionswere once large. Similar proposalsfor embedding a lower dimensional
cosmologywithin a higher dimensional spacehave been made in [8Ð12].

The dynamical compactiÞcation scenarioalso has an analogy in four-dimensional black hole physics: in de Sitter
spacethere will be a non-zeroprobabilit y to pair-producechargedblack holesfrom the vacuum [13Ð19].This will lead
to a fractally bifurcated structur e of future inÞnity [20] very reminiscent of eternal inßation (a processin which pocket
universesof diverseproperties are nucleatedout of a background de Sitter space,dividin g future inÞnity amongmany
di! erent vacua). The black holesnecessarily include singularities, and there are no smooth solutions that interpolate
betweena four-dimensional de Sitter background and a non-singular two-dimensionalcosmology. However, this is not
true of the interpolating black brane solutions described above, which can give rise to a competely non-singular lower
dimensional cosmology.

There have been other attempts to dynamically account for our observed four-dimensional world in a higher-
dimensional theory. Brandenberger and Vafa [21] used the properties of intersecting strings to suggestthat thr ee
spatial dimensionscould naturally expand while others remained compact. Karch and Randall [22] argued that a gas
of branes with various dimensionalities would relax to one dominated by three-branes. Our proposal starts from a
dramatically di! erent initial state: empty de Sitter spacein higher dimensions. Of course this is not necessarilya
natural starting point from the perspective of string theory, which seemsto favor Minkowski or anti-de Sitter vacua.
Nevertheless, if some other processformed (for example) a six-dimensional de Sitter vacuum in string theory, our
proposal could explain the transition from six to four dimensions.

In the following section, we outline the theory and method used to Þnd solutions. Next, we classify the solutions
with maximally symmetric D ! q dimensional sectionsin Sec.I I I. Solutions with homogenousbut anisotropic D ! q
dimensional sectionsare described in an appendix. In Sec.IV A, we construct the Euclidean instanton solutions, and
describe the global structure of the spacetime. We then addressthe cosmologicalconstant problem in Sec. V, and
discussthe possibility of embedding lower dimensional inßation into the model in Sec.VI. Finally, we conclude and
discussfuture directions in Sec.VI I.

I I. DIMENSIONAL REDUCTION

A. Action and metric ansatz

We aim to classify solutions of D dimensional Einstein gravity (with and without a cosmologicalconstant) coupled
to a q-form Þeld strength that possessq-dimensional spherical symmetry. This system is described by the action

S =
M D ! 2

D
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!
dD x

"
! ÷g(D )

#
÷R (D ) ! 2" !

1
2q!

÷F 2
q

$
, (1)

where M D is the DÐdimensionalplanck mass (with 8! GD = M 2! D
D ), and the tilde denotes that each quantit y is

evaluated in the D-dimensional Einstein frame. In each D-dimensional theory, there can be multiple q-form Þeld
strengths ranging from q = 2, 3. . . , D ! 2.

Assuming q-dimensional spherical symmetry, we can write the metric in the product form

d÷s2 = ÷gp+2
µ ! (x)dxµ dx! + R2(x)d# 2

q, (2)

whereD = p+ 2+ q, d# 2
q = d" 2

1 + sin2 "1d" 2
2 + . . . + sin2 "1 . . . sin2 "q! 1d"q, and µ, # = 0, 1, . . . p+ 1. The radius of the

q-sphereR(x) and p+ 2-dimensionalmetric ÷gp+2
µ ! (x) will in generalbe a function of the p+ 2-dimensional coordinates

x. Magnetic q-form Þeld strengths solving MaxwellÕsequations (trivially) and respecting the q-dimensional spherical
symmetry are given by

Fq = Q sinq! 1 " 1 . . . sin"q! 1d"1 . . . " d"q. (3)

For simplicit y we do not consider electric ßuxes in the following and construct solutions with a single Þxed q (ie
multiple q-form chargesare not turned on simultaneously).

B. Radion poten tial

Becausewe have assumedq-dimensionalsphericalsymmetry, it is possibleto recast the D-dimensionalgravitation al
action in the form of a p + 2-dimensionalgravitational action coupled to the scalar Þeld R(x). We can write the D-



Dimensional reduction
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¥ Assume q-dimensional spherical symmetry (D=q+4):
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¥ For magnetic ßux, Maxwell equations satisÞed for:
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¥ Can integrate over the angular coordinates on the q-sphere and go to the 

Einstein frame of a 4-dimensional theory:
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A landscape of lower-dimensional vacua

¥ The potential is given by:
curvature cosmological constant

ßux 4

!

V
" #0

!

V
" #0

FIG . 1: The radion potent ial Eq. 14 with ! = 0 (left) and ! > 0 (righ t). In each plot , a number of potentials at Þxed ! are
shown with successively larger values of Q from bottom to top. For ! = 0 the potential always has a negative minimum and
approaches zero from below as ! ! " , while for ! > 0 there can exist a minimum of negative, zero, or positive energy and
the potential approaches zero from above at large ! .
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FIG . 2: A plot of Eq. 16 for { p = 2, q = 2} and increasing values of Q from top to bottom . Extrem a of the radion potential
are located at the intersection of each plot with a line of Þxed ! . There will only be one intersection at ! = 0 and zero, one,
or two intersections at ! > 0. When there are two intersections, the Þrst will correspond to a minimum and the secondto a
maximum. Note that the location of the Þrst intersection is relativ ely independent of ! for small charge.

C. Prop erties of the radion poten tial

The potential Eq. 14 is sketched in Fig. 1 for ! = 0 (left panel) and ! > 0 (right panel) for various values of
Q. The Þrst property of note is the asymptotic behavior as ! ! " . For ! = 0 the negative term in the potential
will dominate at large ! , and the potential will approach zero from below. For ! > 0, the term in the potential
proportional to ! will dominate at large ! , and the potential will approach zero from above.

The locations of potential extrema can be determined most easily from Eq. 11. Setting the derivative with respect
to R equal to zero, the extrema are given by the roots of

! =
1
2

(p + q)(q # 1)R! 2 #
1
4

(p + 1)Q2M ! 2(q! 1)
D R! 2q. (16)

In Fig. 2, the right hand side of this equality is plotted for various Q.

increasing Qincreasing Q



A landscape of lower-dimensional vacua

¥ Can have lower dimensional vacua with positive, negative, or zero 

vacuum energy - our landscape.

F 2
q

2q!
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D ! 2!

i =2

F 2
qi

2qi !

¥ If there are multiple q-forms, there can be vacua with various 

numbers of compact and non-compact dimensions.                             

¥ Possible to have 4D vacua (if q = D-4) with a small vacuum energy.

¥ The radius of the stabilized sphere is always less thanR ! ! ! 1/ 2

¥ The sphere can be small, so this is a true compactiÞcation.



Solutions with a dynamical radion.

¥spacelike

negative curvature (open)

no curvature (ßat)

positive curvature (closed)

¥ Homogenous + isotropic = 4 dimensional FRW with scalar Þeld.

¥ We need to begin with an ansatz for the 4 dimensional metric:

¥ timelike
analytic continuation

X
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Solutions with a dynamical radion.
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¥ Field and Friedmann equations:



R = !
ú! 2

M 2
4

+ 4
V(! )
M 2

4

Non-singular big-bang and big-crunch

¥ What about big-bang and big-crunch singularities (where a=0)?

¥ Possible for the open and ßat cases. Scale factor has universal behavior:
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¥ a=0 is a coordinate singularity if the Þeld energy is Þnite. This requires

ú! ! 0 as a ! 0 from ¬! + 3
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ú! = ! V !



R = !
ú! 2

M 2
4

+ 4
V(! )
M 2

4

Non-singular big-bang and big-crunch

¥ What about big-bang and big-crunch singularities (where a=0)?

¥ Possible for the open and ßat cases. Scale factor has universal behavior:

a = ! as ! ! 0
open

a ! eH ! as ! " #$
ßat
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de Sitter:
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Classifying solutions

¥ Construct solutions by Þrst specifying the radion potential (Þx    and Q)!

¥ Choose an open or ßat metric ansatz.

open FRW:
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Classifying solutions

¥ Construct solutions by Þrst specifying the radion potential (Þx    and Q)!

¥ Match segments of timelike and spacelike    across non-singular a=0 

surfaces. 

!
¥ Choose an open or ßat metric ansatz.

open FRW:



Classifying solutions
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¥ Construct solutions by Þrst specifying the radion potential (Þx    and Q)!

¥ Match segments of timelike and spacelike    across non-singular a=0 

surfaces. 

!
¥ Choose an open or ßat metric ansatz.

open FRW:



Classifying solutions

V
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! spacelike

¥ Construct solutions by Þrst specifying the radion potential (Þx    and Q)!

¥ Match segments of timelike and spacelike    across non-singular a=0 

surfaces. 

!
¥ Choose an open or ßat metric ansatz.

open FRW:
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#¥ At large     the dominant term in the potential is!

¥ Exponential potentials admit attractor solutions.
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¥ The metric describes the approach to D-dimensional de Sitter space as 

the radius of the q-sphere goes to inÞnity.
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¥ Need to match the period of the scale factor to the barrier crossing time:

V
!

! spacelike

¥ Scale factor is bounded. Generic choices of initial conditions lead to a 

singularity:

0.2 0.4 0.6 0.8 1.0 1.2
!

0.1

0.2

0.3

0.4

a"

0.2 0.4 0.6 0.8 1.0 1.2
!

2.2

2.4

2.6

2.8

3.0

3.2
"

¬! + 3
úa
a

ú! = ! V !



Spacelike ! 2

¥ For small enough Q, the periods can be adjusted by moving the endpoints. 

For each potential there can exist one set of non-singular endpoints:16
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FIG . 11: The interpolating solution for p = 2, q = 2, Q = 3.2, and ! / M 2
D = .1 generated from the initial condition ø! 0 ! 2.01.

The Þeld interpolates between either side of the potential barrier while the scale factor evolves between its two zeros.

potential maximum before becomingsingular. Increasing the initial displacement from the minimum, the frequency
of oscillations in the Þeld decreases, and there will always be a criti cal point at which the traversal time of ! matches
the period of the scalefactor. For each charge, there will be a unique turning point that yields such a non-singular
ÕinterpolatingÕsolution. This solution has no analoguein the ! = 0 case.

We have conÞrmed the existence of such solutions numerically. An example for the parameters p = 2, q = 2,
Q = 3.2, and ! / M 2

D = .1 is shown in Fig. 11.
At the secondnon-singular endpoint (! < ! max ) of the interpolating solution, we can continue to a region where

" is again a timelik e variable. The properties of the solution in this region will depend on the sign of the potential
minimum. For small charge (much lessthan the the limit Eq. 19), the potential near the minimum will be negative
and approximately the sameas for ! = 0. It will therefore be possibleto Þnd the oscillatory solutions described in
the previous section. As the charge increases, the depth of the minimum is decreased,and the term in the potential
proportional to ! beginsto contribute to the secondderivative. This causesthe ratio Eq. 53 to divergeasV(! min ) ! 0.
As this occurs, it will becomepossibleto Þnd an increasingnumber of oscillatory solutions sincethe frequencyof the
scalefactor oscillations goes to zero while the frequency of Þeld oscillations stays roughly constant. The number of
solutions will divergeasV ! 0. However, the non-singular endpoint of the interpolating solution will never match the
non-singular endpoint of the oscillatory solution. When the minimum is negative, evolution away from the endpoint
of the interpolating solution will always result in a singularity. If instead V(! min ) > 0, then the Þeld will simply
experiencedamped oscillation around the positive minimum while the scalefactor grows monotonically. The solution
in this casewill be completely non-singular.

Summarizing, solutions of th is type interpolate between the asymptotic D-dimensional region ! ! " and the
basin of attraction of the radion potential minimum where the spacetimeis e" ectively p + 2-dimensional. The causal
structure of these solutions is shown in the center panel of Figs. 9 (for a negative minimum) and 10 (for a zero
or positive minimum). In each diagram, there are three qualitativ ely di" erent regions corresponding to the three
segments of the Þeld evolution described above. In each case,there is a patch in which the Þeld evolves to ! ! " ,
asymptotically reaching D-dimensional de Sitter space(the right portions of past and future inÞnity marked ÓDÓ
on the causal diagrams) and a region where the Þeld interpolates between non-singular turning points under the
potential maximum (the central diamond on the causaldiagrams). There is then a region that evolvesin the basin of
attraction of the radion potential, ending in a singularity if the minimum is of negative energy (as in Fig. 9) or in an
asymptotically ßat or de Sitter p + 2-dimensionalregion (the left portions of past and future inÞnity marked Óp+2Ó)
if the minimum is zero or positive energy(as in Fig. 10). At the boundary of each segment, there is an event horizon.

The regions evolving in the basin of at tract ion of the radion potential are p + 2-dimensionalopen FRW universes
with a non-singular big-bang surface. This is extremely interesting from the standpoint of cosmology, since there
exists a pre-big bang epoch in which the e" ective dimensionality of spacetimechanges.Exploring this possibility will
be a major theme of the remainder of the paper, but before proceedingwe contin ue our classiÞcationof the possible
solutions.

For a ßat FRW ansatz, the singular solutions are similar to those discussedin the previous section. The extremal
solution evolves away from the potential minimum in a region where " is spacelike, and can only exist when V(! min ) <
0. However, unlike the casewhere! = 0, thesesolutions cannot evolve to ! ! " (recall that the interpolating solution
is the only non-singular solution in the region under the potential barrier). Instead, these solutions will have two
timelik e singularities separatedby an event horizon.

In the caseof the ÕNariaiÕsolution, the Þeld evolves away from the potential maximum towards either ! min or
! ! " over an inÞnite rangein " . An exampleof such a solution is shown in Fig. 12. This solution is completely non-
singular, and corresponds to a D-dimensional de Sitter spaceseparated by an event horizon from a p+ 2-dimensional

¥ There are two non-singular a=0 endpoints, and so two event horizons.

V
!

! spacelike
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¥ The metric interpolates between the two event horizons.

Spacelike ! 2

V
!

! spacelike



Timelike ! 3

xV

!

¥ For a negative minimum, there is always a 

spacelike singularity as perturbations are re-

focused.

!

V

¥ For a zero or positive minimum,the Þeld settles 

into the vacuum. There is no singularity.
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¥ In this region there is a 4 dimensional open FRW universe that evolves 

at late times to de Sitter: This could be how our universe began!
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FIG . 9: Penrose diagrams for ! > 0 solutions with an asymptotically D -dimensional region and a radion potential with a
negative minimum. Starting from the left, we show the singular, interpolat ing, and Nariai solutions. All solutions contain a
tim elike or spacelike singularit y separated from asymptotically D -dimensional de Sitter space(denoted by the D ). Solutions
with a naked spacelike singularit y have a causal structure resembling that of the Nariai spacetime.
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FIG . 10: Penrose diagrams for ! > 0 solutions with an asymptotically D -dimensional region and a radion potential with a
positive or zero minimum. Starting from the left, we show the singular, interpolating, and Nariai solutions. In the interpolating
solution, future/past inÞnit y is split between regions of di" erent e" ective dimensionality (the dimensionality is labeled D or
p + 2). When the minimum has zero energy, the p + 2-dimensional parts of future inÞnit y will be null (denoted by the dashed
ÕhatÕ).

critical points are possible). Positive, zero, and negative energy critical points will yield p + 2-dimensionalde Sitter,
Minkowski, and Anti-de Sitter spacerespectively. The construction of the Anti-de Sitter solutions will proceedas
described above. For positive or zero energy minima, the behavior of the scale factor will be di! erent. Minkowski
spacecan be foliated into ßat or open spatial sections,and de Sitter spaceßat, open, or closedspatial sections. In
any case,the equation of motion for the scalefactor in regionswhere ! is timelik e will again be given by

¬a = " 2
aa, (55)

where

" 2
a !

2V (#cr it )
M p

p+2 p(p + 1)
. (56)

Interpolating solutions: open FRW ansatz

!

V

14

D

D

D D

D

FIG . 9: Penrose diagrams for ! > 0 solutions with an asymptotically D -dimensional region and a radion potential with a
negative minimum. Starting from the left, we show the singular, interpolat ing, and Nariai solutions. All solutions contain a
tim elike or spacelike singularit y separated from asymptotically D -dimensional de Sitter space(denoted by the D ). Solutions
with a naked spacelike singularit y have a causal structure resembling that of the Nariai spacetime.
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FIG . 10: Penrose diagrams for ! > 0 solutions with an asymptotically D -dimensional region and a radion potential with a
positive or zero minimum. Starting from the left, we show the singular, interpolating, and Nariai solutions. In the interpolating
solution, future/past inÞnit y is split between regions of di" erent e" ective dimensionality (the dimensionality is labeled D or
p + 2). When the minimum has zero energy, the p + 2-dimensional parts of future inÞnit y will be null (denoted by the dashed
ÕhatÕ).

critical points are possible). Positive, zero, and negative energy critical points will yield p + 2-dimensionalde Sitter,
Minkowski, and Anti-de Sitter spacerespectively. The construction of the Anti-de Sitter solutions will proceedas
described above. For positive or zero energy minima, the behavior of the scale factor will be di! erent. Minkowski
spacecan be foliated into ßat or open spatial sections,and de Sitter spaceßat, open, or closedspatial sections. In
any case,the equation of motion for the scalefactor in regionswhere ! is timelik e will again be given by

¬a = " 2
aa, (55)

where

" 2
a !

2V (#cr it )
Mp

p+2p(p + 1)
. (56)
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Classifying solutions

Many other solutions can be generated from other 
choices of the metric ansatz.
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VI. INCLUDING AN EPOCH OF LO WER DIMENSION AL INFLA TION

An analysis of the p + 2-dimensional cosmological constant relies on the properties of the p + 2-dimensional vacua
alone. However, perhaps the most interesting feature of the solutions discussed in previous sections is the existence of
a region containing a p+2-dimensional open FRW universe. The radion field dynamically evolves towards its vacuum,
which at late times yields a p + 2-dimensional de Sitter, Minkowski, or Big-crunch spacetime. In our universe, scalar
field dynamics is thought to drive an epoch of slow-roll inflation, and it is a natural question to ask if the radion field
can both play the role of the inflaton and determine the properties of a phenomenologically viable lower dimensional
vacuum. Unfortunately, such a situation is not tenable. Specializing to four dimensions (p = 2), in the case where
there is a minimum of approximately zero energy, the slow-roll conditions

ε =
M 2

4

2

!
V !

V

" 2

, η = M 2
4

V !!

V
, (107)

will be grossly violated everywhere in the basin of attraction of the minimum, and inflation will not occur. If
Q ! Qmax , there will be an approximate inflection point where the minimum and maximum of the potential merge,
and both slow-roll conditions can be satisfied. However, in this case the minimum is at a high energy, and inflation
never ends. The radion potential can never both drive an epoch of slow roll inflation and yield an acceptable vacuum.
To get a good cosmology we must consider adding matter content.

The simplest addition to the D -dimensional theory is a bulk scalar field. The presence of matter will in general
alter the vacuum structure of the theory, and in the lower dimensional cosmology, a scalar field could play the role
of the inflaton. In order to preserve the structure of the solutions discussed in previous sections, it is important
that the scalar is stabilized in the D -dimensional de Sitter space. In order to get dynamics, the scalar must become
destabilized in the dimensionally reduced theory, which can be accomplished by coupling the scalar to gravity and/or
the q-form flux. In such models, inflation is triggered by the compactification of the extra dimensions, giving a
dynamical explanation of the initial conditions for inflation.

The D -dimensional action we will consider is given by

S =
M q+2

D

2

#
dq+4 x

$
" g̃(q+4 )

!
f (ψ)R̃ (q+4 ) " 2! "

h(ψ)
2q!

F̃ 2
q

"
+

#
dq+4 x

$
" g̃(q+4 )

%
" M q

! k(ψ)g̃µ " ∂µ ψ∂" ψ " V (ψ)
&

.

(108)
The functions f (ψ) and h(ψ) specify the coupling to gravity and flux respectively, and we have allowed for a non-
canonical kinetic function k(ψ) for ψ. The properties of the ψ field will depend on background field and metric
configurations through the couplings f (ψ) and h(ψ). It will be convenient to go to the Einstein frame in order to
utilize the background solutions found previously. After some manipulation, the action becomes

S =
M q+2

D

2

#
dq+4 x

$
" g(q+4 )

'

R (q+4 ) "
2

f (ψ)
q+4
q+2

! "
h(ψ)

f (ψ)
4! q
q+2

F 2
q

2q!

(

+
#

dq+4 x
$

" g(q+4 )

'

" M q
!

)
k(ψ)
f (ψ)

+
(q+ 3)

f (ψ)2(q+ 2)

!
df
dψ

" 2
*

gµ" ∂µ ψ∂" ψ "
V (ψ)

f (ψ)
( q+4)
q+2

(

. (109)

Performing the dimensional reduction as before and going to the Einstein frame of the 4-dimensional theory we obtain
the action

S =
#

d4x
#

" g
!

M p
4

2
R +

M 2
4

4
q(q+ 2)

R2 gµ" (∂µ R)(∂" R)

"
M q

! Vol(Sq)
M q

D

)
k(ψ)
f (ψ)

+
(q+ 3)

f (ψ)2(q+ 2)

!
df
dψ

" 2
*

gµ " ∂µ ψ∂" ψ " V (R, ψ)

(

, (110)

where

V (R, ψ) =
M 2

4 M 2
D

2(M D R)q

)

"
q(q " 1)
(M D R)2 + f (ψ)" q+4

q+2
2!
M 2

D
+

h(ψ)

f (ψ)
4! q
q+2

Q2

2(M D R)2q

*

+ f (ψ)" q+4
q+2

Vol(Sq)V (ψ)
M q

D (M D R)q . (111)

An additional step can be taken to define new fields with canonical kinetic terms, but we will defer this until the
specific model has been introduced.

! stable

! unstable

An aside: embedding Inßation
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¥ The coupling to curvature and ßux induces a negative mass squared for the 

scalar inside an event horizon:

! stable

¥ Add a scalar:

¥ This can drive an epoch of inßation.
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Dynamical CompactiÞcation

¥ Two solutions that contain a non-singular 4 dimensional region:

Interpolating CompactiÞcation



Coleman de Luccia Hawking Moss
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Dynamical CompactiÞcation

¥ Two solutions that contain a non-singular 4 dimensional region:

What if the lower dimensional FRW was 4D and didnÕt end in a crunch?

¥ We have answered our original question:

¥ These solutions are analogous to the charged dS black hole and 

compactiÞcation solution discussed earlier.

¥ Empty de Sitter space is unstable to the nucleation of these objects.
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FIG . 15: The spacetime picture of dynamical compactiÞcation when it is mediated by the Euclidean interpolating (left) and
compactiÞcation (righ t) solutions. On the left, the initial D -dimensional de Sitter spaceis matched acrossthe nucleation surface
to the interpolating solution of Sec.V. Th e surfacesof constant ! are shown as solid lines, and interpolate acrossthe barrier of
the radion potent ial along the nucleation surface. On the right, roughly a horizon-volume of the initial D -dimensional de Sitter
spaceßuctuates to the compactiÞcation solution at the maximum of the radion potential. After the ßuctuation, the radion falls
from its unstable equilibrium in di! erent spacetime regions, producing pockets where the Þeld either evolves to the minimum
of the radion potential or o! to inÞnit y where the q-sphere decompactiÞes.

by taking ! ! i (! + 3" / 2), yielding

ds2
E = d#2 + a(#)2d! 2

p+1 . (71)

This manifold is also generally compact when the scalefactor a(#) is bounded. Becausethe radial coordinate ! does
not appear in the equations of motion for a and $ (Eqns. 30 and 29), they remain unaltered. The Euclidean proÞles
for a and $ are then identical to those presented in Sec. V for regionswith spacelike # (the region under the potential
barrier). Therefore, another class of Þnite action instantons can be obtained from the Euclideanized interpolating
solutions in the region underneath the potential barrier, where a(#) possessestwo zeroes (an example is the proÞles
shown in Fig. 13). Finally, we can examine the Nariai solution for a ßat FRW metric ansatz. In this case, there is no
analytic conti nuation to a compact manifold, and so no Þnite action action instantons wil l result.

The Þnite action instantons will mediate a transition from empty D-dimensional de Sitter space to either the
compactiÞcation or interpolating spacetimes. The spacetime picture of these two processesare shown in Fig. 15.
Becausein each casethere is a region after the transition that relaxesto a p+ 2-dimensionalvacuum, this can rightly
be viewed as a dynamical mechanism for the compactiÞcation of q dimensions.

When dynamical compactiÞcation is mediated by the Euclideanizedinterpolating solution, the spacetimeresembles
the left panel of Fig. 15. A D-dimensional de Sitter spaceis matched onto the Lorentzian interpolating solution
acrossa nucleation surface,which by time translation, can be placed at the throat of the background de Sitter space.
Evolving, there are two inÞnite open FRW universesseparatedby event horizons, one of which is p + 2-dimensional.
This processsplits future inÞnity betweena p + 2 and D dimensional region.

If the Euclidean compactiÞcation solution is the relevant instanton, then the spacetimepicture is sketched in the
right panel of Fig. 15. The interpretation is very similar to that of the Hawking-Moss instanton for a scalar Þeld
coupled to gravit y [27], or the ßuctuation of a Nariai black hole [7]. In particular, a roughly horizon-sizedpatch of
the D-dimensional de Sitter spaceßuctuates into a solution very closeto the Lorentzian compactiÞcation solution at
the maximum of the radion potential. 3 However, this solution is unstable, and will fall either into the asymptotically

3 It is also possible to obtain a Þnite Euclidean action from the compactiÞcation solution at a positi ve min imum of the radion potential.
However, since there are no negati ve modes, this cannot be interpreted as mediating a tra nsiti on. For a discussion of this point, seee.g.
Ref. [28].

Dynamical compactiÞcation

¥ Interpolating solution:

¥ CompactiÞcation solution:
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Dynamical compactiÞcation: rates
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interpolating

compactiÞcation

¥ Rates are suppressed by the de Sitter action.

¥ The rate for the interpolating solutions is higher when it exists.

¥ The rate is highest for small Q = lowest vacuum energy.

Vmin > 0

no interpolating solution
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FIG . 19: The value of ! in D = 8 for p = 1, 2, 3, 4 (blue circles, purple squares, yellow diamonds, and green triangles
respectiv ely) versus the normalized charge Q/Q max . The red circle denotes the value of Q yielding an approximately zero
energy p + 2 dimensional vacuum for each p.
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FIG . 20: A plot of " , the ratio of the instanton action to the p + 2-dimensional de Sitter action, versusQ for the interpolating
(solid line) and compactiÞcation (dashed line) solutions with { p = 2, q = 2, ! = .1} . The values of " are nearly identical for
the two solutions. At Q ! 3.162, the minimum of the radion potential goes to zero, sending " " 0. The interpolating solution
no longer exists for Q > 3.35, and at the upper range of the plot Q = 3.65, there are no potential extrema.

metastable p + 2 dimensional de Sitter vacuum is given by

! = A exp
!
! (Sinst ! S(p+2 )

dS )
"

= A exp
!
S(p+2 )

dS (1 ! ! )
"

, (85)

where the action of the lower dimensional de Sitter vacuum is

S(p+2 )
dS =

p(p + 2)2Vol (" p+2 )
2" 2

a
øV (#! )

, (86)

and the quantit y ! (a ratio of actions analogousto $) is given by

! "
Sinst

S(p+2 )
dS

=
4øV(#! )Vol (" p+1 )

" p! 2
a p(p + 1)2Vol (" p+2 )

#
dø%øap+1

$
øV +

1
2

p(p + 1)
øa2

%
. (87)

A plot of ! versusQ for { p = 2, q = 2, # = .1} is shown in Fig. 20. As V(#! ) # 0, S(p+2 )
dS # !$ . Becausethe

instanton action approaches a constant in this limit, ! # 0, and the tunneling rate out of the p + 2-dimensionaldS
spaceis extremely suppressed,with ! % eS( p +2)

dS . In the limit of a vanishing p + 2-dimensionalcosmological constant,
the vacuum is completely stable.

In summary,

Vmin = 0

Dynamical compactiÞcation: rates

D = 8
P + 2 = 3
P + 2 = 4
P + 2 = 5
P + 2 = 6

F 2
q

2q!
!

D ! 2!

i =2

F 2
qi

2qi !
We can compare rates to vacua with different dimensionality:

¥ No large disparity between different numbers of compactiÞed dimensions.

¥ Unclear what to compare.....



! = A exp
!
! (Sinst ! S(4)

dS )
"

! in

! out
= exp

!
|S(4)

dS | ! |S(D )
dS |

"
|S(4)

dS | > |S(D )
dS |

DecompactiÞcation transitions

p+2

Dp+2

nucleation surface

¥ The p+2 dimensional de Sitter vacua decay back to D dimensional de Sitter 

space by the same instanton:

!

V

¥ The rate into a vacuum is always larger than the rate out

¥ Minkowski vacua are completely stable.

(Giddings, Giddings+Myers)



Global structure of the multiverse

! !"! "
#" #$

" #$

! !"!%

T=

T=

¥ Future inÞnity is fractally distributed among vacua with different vacuum 

energy and numbers of non-compact dimensions.

¥ Transitions occur back and forth between p+2 and D dimensions.

¥ Higher-dimensional eternal inßation!

¥ Connecting to predictions is a very difÞcult measure issue.
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FIG . 2: The radion potent ial Eq. 19 with ! = 0 (left) and ! > 0 (righ t). In each plot , a number of potentials at Þxed ! are
shown with successively larger values of Q from bottom to top. For ! = 0 the potential always has a negative minimum and
approaches zero from below as ! ! " , while for ! > 0 there can exist a minimum of negative, zero, or positive energy and
the potential approaches zero from above at large ! .
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FIG . 3: A plot of Eq. 21 for { p = 2, q = 2} and increasing values of Q from top to bottom . Extrem a of the radion potential
are located at the intersection of each plot with a line of Þxed ! . There will only be one intersection at ! = 0 and zero, one,
or two intersections at ! > 0. When there are two intersections, the Þrst will correspond to a minimum and the secondto a
maximum. Note that the location of the Þrst intersection is relativ ely independent of ! for small charge.

In Fig. 3, the right hand side of thi s equality is plotted for various Q.
When ! = 0, there will be a single extremum, whoseposition can be found directly from Eq. 21

(M D Rmin )2(q! 1) =
(p + 1)

2(p + q)(q ! 1)
Q2. (22)

This will be a global minimum of the potential. Inserting this back into the potential Eq. 16, the value of the potential
is

V (! min ) = ! M q
p+2 M 2

D
p
2

!
(q ! 1)
(p + 1)

" q( p +1)
p ( q ! 1)

!
2(p + q)

Q2

" ( q+ p )
p ( q ! 1)

. (23)

It can be seenthat the depth of the potential minimum decreaseswith increasingQ, as can also be seenin Fig. 2. In
addition to this global minimum, there will be a local maximum of the potential V (! " # ) = 0.

For Þxed! > 0, there will be zero, one, or two roots depending on the value of Q. This is seenin Fig 3 by locating
the intersections of the curve with lines of Þxed ! . The maximum value of Q for which a root exists at Þxed ! can

2

the big bang of our FRW universe is simply a coordinate singularity, that when continued across,yields a pre-big
bang epoch in which compactiÞeddimensionswere once large. Similar proposalsfor embedding a lower dimensional
cosmologywithin a higher dimensional spacehave been made in [8Ð12].

The dynamical compactiÞcation scenarioalso has an analogy in four-dimensional black hole physics: in de Sitter
spacethere will be a non-zeroprobabilit y to pair-producechargedblack holesfrom the vacuum [13Ð19].This will lead
to a fractally bifurcated structur e of future inÞnity [20] very reminiscent of eternal inßation (a processin which pocket
universesof diverseproperties are nucleatedout of a background de Sitter space,dividin g future inÞnity amongmany
di! erent vacua). The black holesnecessarily include singularities, and there are no smooth solutions that interpolate
betweena four-dimensional de Sitter background and a non-singular two-dimensionalcosmology. However, this is not
true of the interpolating black brane solutions described above, which can give rise to a competely non-singular lower
dimensional cosmology.

There have been other attempts to dynamically account for our observed four-dimensional world in a higher-
dimensional theory. Brandenberger and Vafa [21] used the properties of intersecting strings to suggestthat thr ee
spatial dimensionscould naturally expand while others remained compact. Karch and Randall [22] argued that a gas
of branes with various dimensionalities would relax to one dominated by three-branes. Our proposal starts from a
dramatically di! erent initial state: empty de Sitter spacein higher dimensions. Of course this is not necessarilya
natural starting point from the perspective of string theory, which seemsto favor Minkowski or anti-de Sitter vacua.
Nevertheless, if some other processformed (for example) a six-dimensional de Sitter vacuum in string theory, our
proposal could explain the transition from six to four dimensions.

In the following section, we outline the theory and method used to Þnd solutions. Next, we classify the solutions
with maximally symmetric D ! q dimensional sectionsin Sec.I I I. Solutions with homogenousbut anisotropic D ! q
dimensional sectionsare described in an appendix. In Sec.IV A, we construct the Euclidean instanton solutions, and
describe the global structure of the spacetime. We then addressthe cosmologicalconstant problem in Sec. V, and
discussthe possibility of embedding lower dimensional inßation into the model in Sec.VI. Finally, we conclude and
discussfuture directions in Sec.VI I.

I I. DIMENSIONAL REDUCTION

A. Action and metric ansatz

We aim to classify solutions of D dimensional Einstein gravity (with and without a cosmologicalconstant) coupled
to a q-form Þeld strength that possessq-dimensional spherical symmetry. This system is described by the action

S =
M D ! 2

D

2

!
dD x

"
! ÷g(D )

#
÷R (D ) ! 2" !

1
2q!

÷F 2
q

$
, (1)

where M D is the DÐdimensionalplanck mass (with 8! GD = M 2! D
D ), and the tilde denotes that each quantit y is

evaluated in the D-dimensional Einstein frame. In each D-dimensional theory, there can be multiple q-form Þeld
strengths ranging from q = 2, 3. . . , D ! 2.

Assuming q-dimensional spherical symmetry, we can write the metric in the product form

d÷s2 = ÷gp+2
µ ! (x)dxµ dx! + R2(x)d# 2

q, (2)

whereD = p+ 2+ q, d# 2
q = d" 2

1 + sin2 "1d" 2
2 + . . . + sin2 "1 . . . sin2 "q! 1d"q, and µ, # = 0, 1, . . . p+ 1. The radius of the

q-sphereR(x) and p+ 2-dimensionalmetric ÷gp+2
µ ! (x) will in generalbe a function of the p+ 2-dimensional coordinates

x. Magnetic q-form Þeld strengths solving MaxwellÕsequations (trivially) and respecting the q-dimensional spherical
symmetry are given by

Fq = Q sinq! 1 " 1 . . . sin"q! 1d"1 . . . " d"q. (3)

For simplicit y we do not consider electric ßuxes in the following and construct solutions with a single Þxed q (ie
multiple q-form chargesare not turned on simultaneously).

B. Radion poten tial

Becausewe have assumedq-dimensionalsphericalsymmetry, it is possibleto recast the D-dimensionalgravitation al
action in the form of a p + 2-dimensionalgravitational action coupled to the scalar Þeld R(x). We can write the D-

Landscape of vacua.
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FIG . 9: Penrose diagrams for ! > 0 solutions with an asymptotically D -dimensional region and a radion potential with a
negative minimum. Starting from the left, we show the singular, interpolat ing, and Nariai solutions. All solutions contain a
tim elike or spacelike singularit y separated from asymptotically D -dimensional de Sitter space(denoted by the D ). Solutions
with a naked spacelike singularit y have a causal structure resembling that of the Nariai spacetime.

D, p+2

D

D

p+2

p+2 D

p+2D, p+2

FIG . 10: Penrose diagrams for ! > 0 solutions with an asymptotically D -dimensional region and a radion potential with a
positive or zero minimum. Starting from the left, we show the singular, interpolating, and Nariai solutions. In the interpolating
solution, future/past inÞnit y is split between regions of di" erent e" ective dimensionality (the dimensionality is labeled D or
p + 2). When the minimum has zero energy, the p + 2-dimensional parts of future inÞnit y will be null (denoted by the dashed
ÕhatÕ).

critical points are possible). Positive, zero, and negative energy critical points will yield p + 2-dimensionalde Sitter,
Minkowski, and Anti-de Sitter spacerespectively. The construction of the Anti-de Sitter solutions will proceedas
described above. For positive or zero energy minima, the behavior of the scale factor will be di! erent. Minkowski
spacecan be foliated into ßat or open spatial sections,and de Sitter spaceßat, open, or closedspatial sections. In
any case,the equation of motion for the scalefactor in regionswhere ! is timelik e will again be given by

¬a = " 2
aa, (55)

where

" 2
a !

2V (#cr it )
Mp

p+2p(p + 1)
. (56)

Solutions interpolate between D-dimensional dS and p+2 

dimensional FRW across event horizons.

D

Dp+2

nucleation surface

These solutions are nucleated from dS - 

Dynamical compactiÞcation.

! !"! "
#" #$

" #$

! !"!%

T=

T=

Transitions back and forth populate the 

landscape of vacua.



Future directions

¥ Stability analysis.

¥ For D-q = 4, the compactiÞcation solutions have instabilities 

when q > 4 (Bousso, de Wolfe, Myers).

¥ The endpoint of the instability may still be a compact manifold 

(warped sphere according to Kinoshita and Mukohyama).

¥ What about the stability of the interpolating solutions?

¥ What about thermodynamical stability? Can universes 

evaporate?



Future directions

¥ Stability analysis.

¥ Inhomogeneities.

¥ Inevitably ÒcollisionsÓ between interpolating solutions will occur.

¥ Field outside of brane will cause stimulated emission of small-charge 

branes (similar to Schwinger pair production).

¥ These are multi-centered black brane solutions.

¥ This changes the geometry - what happens to the homogeneity of 

the 4 dimensional FRW inside the horizon?

¥ Are there potentially observable effects?



Future directions

¥ Stability analysis.

¥ Inhomogeneities.

¥ Pre-big bang effects.

¥ On the other side of the non-singular big-bang surface, extra 

dimensions become ÒlargeÓ.

¥ Does this lead to any interesting effects?



Future directions

¥ Stability analysis.

¥ Inhomogeneities.

¥ Pre-big bang effects.

¥ Measure issues.

¥ We have a catalog of nucleation rates. They have rather simple (and 

suggestive) properties.

¥ Is it possible to go from this to statistical predictions for various 

fundamental parameters?

¥ Requires an understanding of the measure -  similar to eternal 

inßation.



Future directions

¥ Stability analysis.

¥ Inhomogeneities.

¥ Pre-big bang effects.

¥ Measure issues.

¥ What about standard 4D eternal inßation?

¥ Membrane nucleation can occur inside of the locally 4D region, 

leading to the standard picture of 4D eternal inßation.

¥ Subtleties due to interaction of ßux d.o.f. with radion.



¥ What about standard 4D eternal inßation?

Future directions

¥ Stability analysis.

¥ Inhomogeneities.

¥ Pre-big bang effects.

¥ Measure issues.

¥ Other solutions?

¥ Homogenous but anisotropic metric ansatz will generate different 

solutions. 

¥ A ßat metric ansatz generates non-extremal black branes.

¥ What about the other Bianchi types? 

¥ Bent branes?



The End.

Thanks!
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FIG . 1:

Membrane nucleation inside of black branes.


