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potent ials, the instanton act ion for a transit ion from posit ive (false) to negat ive (t rue)
vacuum energy did not tend to inÞnity as the false vacuum energy VF was reduced to
zero, as would be required to givea Þnitenucleat ion probability1 and hence accord with
intuit ion regarding the decay of Minkowski space to a negat ive vacuum (Òbig crunchÓ)
space. This result was supported by general analyt ic arguments, as well as numerical
results for ε ! 1, where ε controls thescale in Þeld valueover which thepotent ial varies.
On the basis of these results it was conjectured that

1. The same behavior holds at ε " 1, and

2. for VF # 0, a second (non-compact) instanton, like the one found in the absence
of gravity, exists which allows much faster decay, so that

3. for all ε there is a discont inuity in the decay rate as VF $ 0.

In this paper, we will demonstrate that while
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Figur e 1: The potent ial V (! ), with
the true vacuum xT , the false vac-
uum xF and the ÒHawking-MossÓ
point xH labeled.

the speciÞc calculat ions presented in [1] are cor-
rect , the above conjecture is not2. Instead we
Þnd that the space of potent ials is part it ioned by
a Great Divide, into one class where Minkowski
space is unstable, and a second class where the
tunneling rate is indeed suppressed Ð as argued
in [1] Ð by the factor e! ! (RM P )2

(where R is the
de Sit ter radius corresponding to the false vac-
uum), and hence vanishes at VF = 0. The stabil-
ity, for some potent ials, of a seemingly metastable
Minkowski vacuum was noted long ago by Cole-
man and De Luccia [3] in the thin-wall limit and subsequent ly discussed by several
authors [4, 5] outside of that limit .

In Sect ions 2-4 we will review the instanton formalism, give approximate analyt ic
solut ions, then examine the behavior of the instanton solut ions in the limit where
VF $ 0, using both analyt ic and numerical techniques. After elucidat ing the actual
behavior of the instantons, we will argue in Sec. 5 that the Great Divide consists
precisely of those potent ials which, in the VF $ 0 limit , have stat ic domain walls
interpolat ing between the true and false stat ionary points of the potent ial3; we also

1As VF $ 0, the required background subtract ion becomes inÞnite, requiring an inÞnite instanton
act ion to cancel it and leave a Þnite decay probability.

2R. Bousso, B. Freivogel and M. Lippert , have discovered this fact independent ly [2].
3This observat ion is related to the work of Cvet ic et. al. on singular domain walls and their relat ion

to CDL bubbles[6].
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Figure 5: This conformal diagram sumsup Figures1 and 2. The bottom part of
the diagram deÞnesthe background spacetime: tr ue or false vacuum. In some
sense, two bubbles are nucleated at t = 0 (horizontal line), one of tr ue and one
of false vacuum. These can be viewed as two ÓbubblesÓ becausethere is an
origin inside each of the regions of tru e or false vacuum. The bubble whose
phase matches that of the background is really just a piece of the background
which remains una! ected by the nucleation event.

yields a metric of the form

ds2 = H ! 2
f d! 2 + H ! 2

f sin2(! )
!
d" 2 + cos2 " d" 2"

. (6)

This form of themetric matchestheCDL form of the metric with # = H ! 1
f sin(Hf $)

if the %coordinate is analyticall y conti nued

x(s = 0) = x0 (7)

úx(s = sma x ) = 0 (8)

E ! uT ,F (9)

V (! ) (10)

5
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Figure 6: A cartoon depicting the analyti c continuation of a thi n-wall instan-
ton. The instanton is cut along the surface denoted by the black disc, which is
then mapped onto the hypersurface indicated in the conformal diagram. The
Þeld valueson this hypersurfacespecify the ini tial conditi ons for the lorentzian
evoluti on of the bubble wall, indicated by the line with an arrow. Depending
on the original phase, th is process describes the nucleation of a tr ue or false
vacuum bubble. The zeros of ! continue into the forward light conesindicated
by the dashedlines.
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CDL Vacuum Bubbles
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man and De Luccia [3] in the thin-wall limit and subsequent ly discussed by several
authors [4, 5] outside of that limit .

In Sect ions 2-4 we will review the instanton formalism, give approximate analyt ic
solut ions, then examine the behavior of the instanton solut ions in the limit where
VF $ 0, using both analyt ic and numerical techniques. After elucidat ing the actual
behavior of the instantons, we will argue in Sec. 5 that the Great Divide consists
precisely of those potent ials which, in the VF $ 0 limit , have stat ic domain walls
interpolat ing between the true and false stat ionary points of the potent ial3; we also

1As VF $ 0, the required background subtract ion becomes inÞnite, requiring an inÞnite instanton
act ion to cancel it and leave a Þnite decay probability.

2R. Bousso, B. Freivogel and M. Lippert , have discovered this fact independent ly [2].
3This observat ion is related to the work of Cvet ic et. al. on singular domain walls and their relat ion

to CDL bubbles[6].

Ð2 Ð

False Vacuum

True or False Vacuum

Vacuum
True

Figure 5: This conformal diagram sumsup Figures1 and 2. The bottom part of
the diagram deÞnesthe background spacetime: tr ue or false vacuum. In some
sense, two bubbles are nucleated at t = 0 (horizontal line), one of tr ue and one
of false vacuum. These can be viewed as two ÓbubblesÓ becausethere is an
origin inside each of the regions of tru e or false vacuum. The bubble whose
phase matches that of the background is really just a piece of the background
which remains una! ected by the nucleation event.

yields a metric of the form

ds2 = H ! 2
f d! 2 + H ! 2

f sin2(! )
!
d" 2 + cos2 " d" 2"

. (6)

This form of themetric matchestheCDL form of the metric with # = H ! 1
f sin(Hf $)

if the %coordinate is analyticall y conti nued

x(s = 0) = x0 (7)

úx(s = sma x ) = 0 (8)

E ! uT ,F (9)

V (! ) (10)

5

True

True or VacuumFalse

False Vacuum

Vacuum

Figure 6: A cartoon depicting the analyti c continuation of a thi n-wall instan-
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CDL Vacuum Bubbles

Tunneling = Bubble Nucleation

potent ials, the instanton act ion for a transit ion from posit ive (false) to negat ive (t rue)
vacuum energy did not tend to inÞnity as the false vacuum energy VF was reduced to
zero, as would be required to givea Þnitenucleat ion probability1 and hence accord with
intuit ion regarding the decay of Minkowski space to a negat ive vacuum (Òbig crunchÓ)
space. This result was supported by general analyt ic arguments, as well as numerical
results for ε ! 1, where ε controls thescale in Þeld valueover which thepotent ial varies.
On the basis of these results it was conjectured that

1. The same behavior holds at ε " 1, and

2. for VF # 0, a second (non-compact) instanton, like the one found in the absence
of gravity, exists which allows much faster decay, so that

3. for all ε there is a discont inuity in the decay rate as VF $ 0.

In this paper, we will demonstrate that while
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Figur e 1: The potent ial V (! ), with
the true vacuum xT , the false vac-
uum xF and the ÒHawking-MossÓ
point xH labeled.

the speciÞc calculat ions presented in [1] are cor-
rect , the above conjecture is not2. Instead we
Þnd that the space of potent ials is part it ioned by
a Great Divide, into one class where Minkowski
space is unstable, and a second class where the
tunneling rate is indeed suppressed Ð as argued
in [1] Ð by the factor e! ! (RM P )2

(where R is the
de Sit ter radius corresponding to the false vac-
uum), and hence vanishes at VF = 0. The stabil-
ity, for some potent ials, of a seemingly metastable
Minkowski vacuum was noted long ago by Cole-
man and De Luccia [3] in the thin-wall limit and subsequent ly discussed by several
authors [4, 5] outside of that limit .

In Sect ions 2-4 we will review the instanton formalism, give approximate analyt ic
solut ions, then examine the behavior of the instanton solut ions in the limit where
VF $ 0, using both analyt ic and numerical techniques. After elucidat ing the actual
behavior of the instantons, we will argue in Sec. 5 that the Great Divide consists
precisely of those potent ials which, in the VF $ 0 limit , have stat ic domain walls
interpolat ing between the true and false stat ionary points of the potent ial3; we also

1As VF $ 0, the required background subtract ion becomes inÞnite, requiring an inÞnite instanton
act ion to cancel it and leave a Þnite decay probability.

2R. Bousso, B. Freivogel and M. Lippert , have discovered this fact independent ly [2].
3This observat ion is related to the work of Cvet ic et. al. on singular domain walls and their relat ion

to CDL bubbles[6].
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Figure 5: This conformal diagram sumsup Figures1 and 2. The bottom part of
the diagram deÞnesthe background spacetime: tr ue or false vacuum. In some
sense, two bubbles are nucleated at t = 0 (horizontal line), one of tr ue and one
of false vacuum. These can be viewed as two ÓbubblesÓ becausethere is an
origin inside each of the regions of tru e or false vacuum. The bubble whose
phase matches that of the background is really just a piece of the background
which remains una! ected by the nucleation event.

yields a metric of the form

ds2 = H ! 2
f d! 2 + H ! 2

f sin2(! )
!
d" 2 + cos2 " d" 2"

. (6)

This form of themetric matchestheCDL form of the metric with # = H ! 1
f sin(Hf $)

if the %coordinate is analyticall y conti nued
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Figure 6: A cartoon depicting the analyti c continuation of a thi n-wall instan-
ton. The instanton is cut along the surface denoted by the black disc, which is
then mapped onto the hypersurface indicated in the conformal diagram. The
Þeld valueson this hypersurfacespecify the ini tial conditi ons for the lorentzian
evoluti on of the bubble wall, indicated by the line with an arrow. Depending
on the original phase, th is process describes the nucleation of a tr ue or false
vacuum bubble. The zeros of ! continue into the forward light conesindicated
by the dashedlines.
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False Vacuum Bubbles

potent ials, the instanton act ion for a transit ion from posit ive (false) to negat ive (t rue)
vacuum energy did not tend to inÞnity as the false vacuum energy VF was reduced to
zero, as would be required to givea Þnitenucleat ion probability1 and hence accord with
intuit ion regarding the decay of Minkowski space to a negat ive vacuum (Òbig crunchÓ)
space. This result was supported by general analyt ic arguments, as well as numerical
results for ε ! 1, where ε controls thescale in Þeld valueover which thepotent ial varies.
On the basis of these results it was conjectured that

1. The same behavior holds at ε " 1, and

2. for VF # 0, a second (non-compact) instanton, like the one found in the absence
of gravity, exists which allows much faster decay, so that

3. for all ε there is a discont inuity in the decay rate as VF $ 0.

In this paper, we will demonstrate that while
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Figur e 1: The potent ial V (! ), with
the true vacuum xT , the false vac-
uum xF and the ÒHawking-MossÓ
point xH labeled.

the speciÞc calculat ions presented in [1] are cor-
rect , the above conjecture is not2. Instead we
Þnd that the space of potent ials is part it ioned by
a Great Divide, into one class where Minkowski
space is unstable, and a second class where the
tunneling rate is indeed suppressed Ð as argued
in [1] Ð by the factor e! ! (RM P )2

(where R is the
de Sit ter radius corresponding to the false vac-
uum), and hence vanishes at VF = 0. The stabil-
ity, for some potent ials, of a seemingly metastable
Minkowski vacuum was noted long ago by Cole-
man and De Luccia [3] in the thin-wall limit and subsequent ly discussed by several
authors [4, 5] outside of that limit .

In Sect ions 2-4 we will review the instanton formalism, give approximate analyt ic
solut ions, then examine the behavior of the instanton solut ions in the limit where
VF $ 0, using both analyt ic and numerical techniques. After elucidat ing the actual
behavior of the instantons, we will argue in Sec. 5 that the Great Divide consists
precisely of those potent ials which, in the VF $ 0 limit , have stat ic domain walls
interpolat ing between the true and false stat ionary points of the potent ial3; we also

1As VF $ 0, the required background subtract ion becomes inÞnite, requiring an inÞnite instanton
act ion to cancel it and leave a Þnite decay probability.

2R. Bousso, B. Freivogel and M. Lippert , have discovered this fact independent ly [2].
3This observat ion is related to the work of Cvet ic et. al. on singular domain walls and their relat ion

to CDL bubbles[6].
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Figure 5: This conformal diagram sumsup Figures1 and 2. The bottom part of
the diagram deÞnesthe background spacetime: tr ue or false vacuum. In some
sense, two bubbles are nucleated at t = 0 (horizontal line), one of tr ue and one
of false vacuum. These can be viewed as two ÓbubblesÓ becausethere is an
origin inside each of the regions of tru e or false vacuum. The bubble whose
phase matches that of the background is really just a piece of the background
which remains una! ected by the nucleation event.

yields a metric of the form
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. (6)
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Figure 6: A cartoon depicting the analyti c continuation of a thi n-wall instan-
ton. The instanton is cut along the surface denoted by the black disc, which is
then mapped onto the hypersurface indicated in the conformal diagram. The
Þeld valueson this hypersurfacespecify the ini tial conditi ons for the lorentzian
evoluti on of the bubble wall, indicated by the line with an arrow. Depending
on the original phase, th is process describes the nucleation of a tr ue or false
vacuum bubble. The zeros of ! continue into the forward light conesindicated
by the dashedlines.
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False Vacuum Bubbles
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solut ions, then examine the behavior of the instanton solut ions in the limit where
VF $ 0, using both analyt ic and numerical techniques. After elucidat ing the actual
behavior of the instantons, we will argue in Sec. 5 that the Great Divide consists
precisely of those potent ials which, in the VF $ 0 limit , have stat ic domain walls
interpolat ing between the true and false stat ionary points of the potent ial3; we also

1As VF $ 0, the required background subtract ion becomes inÞnite, requiring an inÞnite instanton
act ion to cancel it and leave a Þnite decay probability.

2R. Bousso, B. Freivogel and M. Lippert , have discovered this fact independent ly [2].
3This observat ion is related to the work of Cvet ic et. al. on singular domain walls and their relat ion

to CDL bubbles[6].
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Figure 5: This conformal diagram sumsup Figures1 and 2. The bottom part of
the diagram deÞnesthe background spacetime: tr ue or false vacuum. In some
sense, two bubbles are nucleated at t = 0 (horizontal line), one of tr ue and one
of false vacuum. These can be viewed as two ÓbubblesÓ becausethere is an
origin inside each of the regions of tru e or false vacuum. The bubble whose
phase matches that of the background is really just a piece of the background
which remains una! ected by the nucleation event.

yields a metric of the form

ds2 = H ! 2
f d! 2 + H ! 2

f sin2(! )
!
d" 2 + cos2 " d" 2"

. (6)

This form of themetric matchestheCDL form of the metric with # = H ! 1
f sin(Hf $)
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Figure 6: A cartoon depicting the analyti c continuation of a thi n-wall instan-
ton. The instanton is cut along the surface denoted by the black disc, which is
then mapped onto the hypersurface indicated in the conformal diagram. The
Þeld valueson this hypersurfacespecify the ini tial conditi ons for the lorentzian
evoluti on of the bubble wall, indicated by the line with an arrow. Depending
on the original phase, th is process describes the nucleation of a tr ue or false
vacuum bubble. The zeros of ! continue into the forward light conesindicated
by the dashedlines.
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But, not the only way to make False Vacuum...



False Vacuum Bubbles

potent ials, the instanton act ion for a transit ion from posit ive (false) to negat ive (t rue)
vacuum energy did not tend to inÞnity as the false vacuum energy VF was reduced to
zero, as would be required to givea Þnitenucleat ion probability1 and hence accord with
intuit ion regarding the decay of Minkowski space to a negat ive vacuum (Òbig crunchÓ)
space. This result was supported by general analyt ic arguments, as well as numerical
results for ε ! 1, where ε controls thescale in Þeld valueover which thepotent ial varies.
On the basis of these results it was conjectured that

1. The same behavior holds at ε " 1, and

2. for VF # 0, a second (non-compact) instanton, like the one found in the absence
of gravity, exists which allows much faster decay, so that

3. for all ε there is a discont inuity in the decay rate as VF $ 0.
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the speciÞc calculat ions presented in [1] are cor-
rect , the above conjecture is not2. Instead we
Þnd that the space of potent ials is part it ioned by
a Great Divide, into one class where Minkowski
space is unstable, and a second class where the
tunneling rate is indeed suppressed Ð as argued
in [1] Ð by the factor e! ! (RM P )2

(where R is the
de Sit ter radius corresponding to the false vac-
uum), and hence vanishes at VF = 0. The stabil-
ity, for some potent ials, of a seemingly metastable
Minkowski vacuum was noted long ago by Cole-
man and De Luccia [3] in the thin-wall limit and subsequent ly discussed by several
authors [4, 5] outside of that limit .

In Sect ions 2-4 we will review the instanton formalism, give approximate analyt ic
solut ions, then examine the behavior of the instanton solut ions in the limit where
VF $ 0, using both analyt ic and numerical techniques. After elucidat ing the actual
behavior of the instantons, we will argue in Sec. 5 that the Great Divide consists
precisely of those potent ials which, in the VF $ 0 limit , have stat ic domain walls
interpolat ing between the true and false stat ionary points of the potent ial3; we also

1As VF $ 0, the required background subtract ion becomes inÞnite, requiring an inÞnite instanton
act ion to cancel it and leave a Þnite decay probability.

2R. Bousso, B. Freivogel and M. Lippert , have discovered this fact independent ly [2].
3This observat ion is related to the work of Cvet ic et. al. on singular domain walls and their relat ion

to CDL bubbles[6].
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Figure 5: This conformal diagram sumsup Figures1 and 2. The bottom part of
the diagram deÞnesthe background spacetime: tr ue or false vacuum. In some
sense, two bubbles are nucleated at t = 0 (horizontal line), one of tr ue and one
of false vacuum. These can be viewed as two ÓbubblesÓ becausethere is an
origin inside each of the regions of tru e or false vacuum. The bubble whose
phase matches that of the background is really just a piece of the background
which remains una! ected by the nucleation event.
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Figure 6: A cartoon depicting the analyti c continuation of a thi n-wall instan-
ton. The instanton is cut along the surface denoted by the black disc, which is
then mapped onto the hypersurface indicated in the conformal diagram. The
Þeld valueson this hypersurfacespecify the ini tial conditi ons for the lorentzian
evoluti on of the bubble wall, indicated by the line with an arrow. Depending
on the original phase, th is process describes the nucleation of a tr ue or false
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vacuum energy did not tend to inÞnity as the false vacuum energy VF was reduced to
zero, as would be required to givea Þnitenucleat ion probability1 and hence accord with
intuit ion regarding the decay of Minkowski space to a negat ive vacuum (Òbig crunchÓ)
space. This result was supported by general analyt ic arguments, as well as numerical
results for ε ! 1, where ε controls thescale in Þeld valueover which thepotent ial varies.
On the basis of these results it was conjectured that

1. The same behavior holds at ε " 1, and

2. for VF # 0, a second (non-compact) instanton, like the one found in the absence
of gravity, exists which allows much faster decay, so that

3. for all ε there is a discont inuity in the decay rate as VF $ 0.
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space is unstable, and a second class where the
tunneling rate is indeed suppressed Ð as argued
in [1] Ð by the factor e! ! (RM P )2

(where R is the
de Sit ter radius corresponding to the false vac-
uum), and hence vanishes at VF = 0. The stabil-
ity, for some potent ials, of a seemingly metastable
Minkowski vacuum was noted long ago by Cole-
man and De Luccia [3] in the thin-wall limit and subsequent ly discussed by several
authors [4, 5] outside of that limit .

In Sect ions 2-4 we will review the instanton formalism, give approximate analyt ic
solut ions, then examine the behavior of the instanton solut ions in the limit where
VF $ 0, using both analyt ic and numerical techniques. After elucidat ing the actual
behavior of the instantons, we will argue in Sec. 5 that the Great Divide consists
precisely of those potent ials which, in the VF $ 0 limit , have stat ic domain walls
interpolat ing between the true and false stat ionary points of the potent ial3; we also

1As VF $ 0, the required background subtract ion becomes inÞnite, requiring an inÞnite instanton
act ion to cancel it and leave a Þnite decay probability.

2R. Bousso, B. Freivogel and M. Lippert , have discovered this fact independent ly [2].
3This observat ion is related to the work of Cvet ic et. al. on singular domain walls and their relat ion

to CDL bubbles[6].
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the diagram deÞnesthe background spacetime: tr ue or false vacuum. In some
sense, two bubbles are nucleated at t = 0 (horizontal line), one of tr ue and one
of false vacuum. These can be viewed as two ÓbubblesÓ becausethere is an
origin inside each of the regions of tru e or false vacuum. The bubble whose
phase matches that of the background is really just a piece of the background
which remains una! ected by the nucleation event.
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ity, for some potent ials, of a seemingly metastable
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man and De Luccia [3] in the thin-wall limit and subsequent ly discussed by several
authors [4, 5] outside of that limit .
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in [1] Ð by the factor e! ! (RM P )2

(where R is the
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uum), and hence vanishes at VF = 0. The stabil-
ity, for some potent ials, of a seemingly metastable
Minkowski vacuum was noted long ago by Cole-
man and De Luccia [3] in the thin-wall limit and subsequent ly discussed by several
authors [4, 5] outside of that limit .
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behavior of the instantons, we will argue in Sec. 5 that the Great Divide consists
precisely of those potent ials which, in the VF $ 0 limit , have stat ic domain walls
interpolat ing between the true and false stat ionary points of the potent ial3; we also

1As VF $ 0, the required background subtract ion becomes inÞnite, requiring an inÞnite instanton
act ion to cancel it and leave a Þnite decay probability.

2R. Bousso, B. Freivogel and M. Lippert , have discovered this fact independent ly [2].
3This observat ion is related to the work of Cvet ic et. al. on singular domain walls and their relat ion
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authors [4, 5] outside of that limit .
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solut ions, then examine the behavior of the instanton solut ions in the limit where
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behavior of the instantons, we will argue in Sec. 5 that the Great Divide consists
precisely of those potent ials which, in the VF $ 0 limit , have stat ic domain walls
interpolat ing between the true and false stat ionary points of the potent ial3; we also

1As VF $ 0, the required background subtract ion becomes inÞnite, requiring an inÞnite instanton
act ion to cancel it and leave a Þnite decay probability.

2R. Bousso, B. Freivogel and M. Lippert , have discovered this fact independent ly [2].
3This observat ion is related to the work of Cvet ic et. al. on singular domain walls and their relat ion
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space. This result was supported by general analyt ic arguments, as well as numerical
results for ε ! 1, where ε controls thescale in Þeld valueover which thepotent ial varies.
On the basis of these results it was conjectured that
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2. for VF # 0, a second (non-compact) instanton, like the one found in the absence
of gravity, exists which allows much faster decay, so that
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tunneling rate is indeed suppressed Ð as argued
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(where R is the
de Sit ter radius corresponding to the false vac-
uum), and hence vanishes at VF = 0. The stabil-
ity, for some potent ials, of a seemingly metastable
Minkowski vacuum was noted long ago by Cole-
man and De Luccia [3] in the thin-wall limit and subsequent ly discussed by several
authors [4, 5] outside of that limit .
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solut ions, then examine the behavior of the instanton solut ions in the limit where
VF $ 0, using both analyt ic and numerical techniques. After elucidat ing the actual
behavior of the instantons, we will argue in Sec. 5 that the Great Divide consists
precisely of those potent ials which, in the VF $ 0 limit , have stat ic domain walls
interpolat ing between the true and false stat ionary points of the potent ial3; we also

1As VF $ 0, the required background subtract ion becomes inÞnite, requiring an inÞnite instanton
act ion to cancel it and leave a Þnite decay probability.

2R. Bousso, B. Freivogel and M. Lippert , have discovered this fact independent ly [2].
3This observat ion is related to the work of Cvet ic et. al. on singular domain walls and their relat ion
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potent ials, the instanton act ion for a transit ion from posit ive (false) to negat ive (t rue)
vacuum energy did not tend to inÞnity as the false vacuum energy VF was reduced to
zero, as would be required to givea Þnitenucleat ion probability1 and hence accord with
intuit ion regarding the decay of Minkowski space to a negat ive vacuum (Òbig crunchÓ)
space. This result was supported by general analyt ic arguments, as well as numerical
results for ε ! 1, where ε controls thescale in Þeld valueover which thepotent ial varies.
On the basis of these results it was conjectured that
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of gravity, exists which allows much faster decay, so that
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the speciÞc calculat ions presented in [1] are cor-
rect , the above conjecture is not2. Instead we
Þnd that the space of potent ials is part it ioned by
a Great Divide, into one class where Minkowski
space is unstable, and a second class where the
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(where R is the
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VF $ 0, using both analyt ic and numerical techniques. After elucidat ing the actual
behavior of the instantons, we will argue in Sec. 5 that the Great Divide consists
precisely of those potent ials which, in the VF $ 0 limit , have stat ic domain walls
interpolat ing between the true and false stat ionary points of the potent ial3; we also

1As VF $ 0, the required background subtract ion becomes inÞnite, requiring an inÞnite instanton
act ion to cancel it and leave a Þnite decay probability.

2R. Bousso, B. Freivogel and M. Lippert , have discovered this fact independent ly [2].
3This observat ion is related to the work of Cvet ic et. al. on singular domain walls and their relat ion

to CDL bubbles[6].

Ð2 Ð

False Vacuum

True or False Vacuum

Vacuum
True

Figure 5: This conformal diagram sumsup Figures1 and 2. The bottom part of
the diagram deÞnesthe background spacetime: tr ue or false vacuum. In some
sense, two bubbles are nucleated at t = 0 (horizontal line), one of tr ue and one
of false vacuum. These can be viewed as two ÓbubblesÓ becausethere is an
origin inside each of the regions of tru e or false vacuum. The bubble whose
phase matches that of the background is really just a piece of the background
which remains una! ected by the nucleation event.

yields a metric of the form

ds2 = H ! 2
f d! 2 + H ! 2

f sin2(! )
!
d" 2 + cos2 " d" 2"

. (6)

This form of themetric matchestheCDL form of the metric with # = H ! 1
f sin(Hf $)

if the %coordinate is analyticall y conti nued

x(s = 0) = x0 (7)

úx(s = sma x ) = 0 (8)

E ! uT ,F (9)

V (! ) (10)

5

True

True or VacuumFalse

False Vacuum

Vacuum

Figure 6: A cartoon depicting the analyti c continuation of a thi n-wall instan-
ton. The instanton is cut along the surface denoted by the black disc, which is
then mapped onto the hypersurface indicated in the conformal diagram. The
Þeld valueson this hypersurfacespecify the ini tial conditi ons for the lorentzian
evoluti on of the bubble wall, indicated by the line with an arrow. Depending
on the original phase, th is process describes the nucleation of a tr ue or false
vacuum bubble. The zeros of ! continue into the forward light conesindicated
by the dashedlines.

" (11)

SI = !
!

d4x
"

gV (" (x)) (12)

SBG = !
!

d4x
"

gV (" (xturnpt)) (13)

# = i
!

dtpúq = i
!

dt [LE ! L turnpt] (14)

! 1

! 2
=

e! ! 1 /øh

! #2/ øh
= e! SE /øh (15)
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Lee and Weinberg 1987

L(ee)W(einberg) Bubbles

But, not the only way to make False Vacuum...

Farhi, Guth, Guven 1990

FGG Mechanism
Garriga and Megevand 2004 

Gomberoff et. al. 2004

Thermal Activation Creation of a 
universe from nothing

Vilenkin 1982

Four can be uniÞed in the Thin-wall limit
with interesting consequences!

Can we tunnel up?



Applications

¥Initial conditions for Inßation.

¥Eternal inßation.

¥Vacuum transitions in the String Theory Landscape.

¥Hints for understanding Quantum Gravity.
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Vacuum exterior

Bubble Wall 
Tension

3 Ingredients for Classical Dynamics

Vacuum Bubbles

True or False             
Vacuum interior
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True or False   
Vacuum exterior

Bubble Wall 
Tension

3 Ingredients for Classical Dynamics

Vacuum Bubbles

True or False             
Vacuum interior

CDL/LW: wall and volume energy cancels, so M=0.

BirkhoffÕs Theorem: exterior Schwarzschild-de Sitter.

Junction Condition Formalism

Israel: match two space times across an inÞnitesimally thin spherical shell of mass.

Require metric continuity across boundary.

Solve EinsteinÕs equations.

Guth et. al. (1987-1990) - Is it possible to create a universe in the lab?

de Sitter space can make universes via ßuctuations (DKS and AS).

Interior space time will be de Sitter with a cosmological constant .

Exterior space time will be Schwarzschild de Sitter (spherically symmetric
mass in de Sitter space) with a cosmological constant .

+

!
dS

SdS

orals Ðp.4/41

Can also consider massive bubbles:

k
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Schwarzschild-de Sitter

Black Hole
event horizon
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Schwarzschild-de Sitter

Black Hole
event horizon

Cosmological 
event horizon
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Monotonic

Bound Unbound

M

R

Blau et. al 1987
Aurilia et. al. 1989

Berezin et. al 1983, 1987
Sato 1986

Complete catalogue:
Aguirre and Johnson gr-qc/0508093 and gr-qc/0512034

Israel Junction Conditions
Israel 1966, 1967

Junction Condition Formalism

Israel: match two space times across an inÞnitesimally thin spherical shell of mass.

Require metric continuity across boundary.

Solve EinsteinÕs equations.

Guth et. al. (1987-1990) - Is it possible to create a universe in the lab?

de Sitter space can make universes via ßuctuations (DKS and AS).

Interior space time will be de Sitter with a cosmological constant .

Exterior space time will be Schwarzschild de Sitter (spherically symmetric
mass in de Sitter space) with a cosmological constant .

+

!
dS

SdS

orals Ðp.4/41

Wall Dynamics from 
1-D potential:
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Bubble wall:
identify these points
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Bound Solution

Only shaded regions physical!
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FIG . 8: (Color online) Conformal diagrams for the allowed one-bubble spacetimes. The dS and SdS diagrams are matched
acrossthe bubble wall (l ine with arrow), and the physical regions shaded.

the expanding solutions (cells 5-7 ) on the other side of
the potenti al hump. Thi s event, shown in Fig. 9, would
constitute a violation of theNEC, and so thePenrose the-
orem would no longer apply to the antitra pped surfaces
that exist after the tunneling event. Such a process is
indeed apparent ly allowed [2, 3], and would describe the
quantum creation of an inßationary universefrom classi-
cally buildable initial condition s (if the initi al condition
is the IV-I-I I/I I I solution in cell 1).

Thi s is a rather str ange transit ion, however, as the
unbound solution is behind the wormhole in SdS (see
Fig. 9). An observer in region I would see the bubble ex-
pand, reach it s turning point, and then disappear, only
to be replaced by a black hole. An observer inside the
bubble would see the wall expanding away and Ð just
as it is about to tur n around and star t collapsing Ð in-

stead disappear behind the cosmological horizon. This
observer will be inside an inßationary universe, but for-
ever disconnected from region I. If the black hole in the
SdS spacet ime then evaporates, the baby universe wil l
becomecompletely topologically disconnected.
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FIG . 9: (Color online) Tunneling spacetime

Having considered one circumstance in which an NEC
violation precipitates the creation of an inßationary uni-

Bound Solution

Unbound Solution

classically buildable

Not  
classically buildable!

Farhi and Guth 1987



Got Tunneling?
Can ThisHappen?
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The FGG Mechanism



An Observation
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FIG . 7: Soluti ons can be to the ri ght of region I instead of
behind the worm hole.

Jacobi equations

Hr ,t

!
r, L, R,

! ! 0

! r
,

! ! 0

! L
,

! ! 0

! R

"
= 0, (31)

which we will integrate to solve for the dynamics

! ! 0 = öp! ör +
# !

0
dr [" L ! L + " R ! R] . (32)

The problem that we wish to solve is the tunneling
amplitude in the WKB approximation to connect bound
solutions with tur ning point R1 to equal mass unbound
solutions with turning point R2. An example of this is
the FGG mechanism [13], which consists of two steps.
Fir st , an expanding region of false/tru e vacuum, which
would classically collapseinto a black hole, is formed and
evolves to the classical turning point. Here, there is a
chance for the bubble wall to tunnel thr ough the worm
hole to oneof the unbound solutions, as shown in Fig. 8.
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FIG . 8: The FGG mechanism: tunnel ing through the worm
hole.

The result of this process is a black hole in the region
of the old phase, which is connected by a worm hole to
a universe containing an expanding bubble of the new
phase.

As we saw in Sec. I I, becauseof the noncompatnessof
SdS, there are many possible one bubble spaceti mesif re-
gion I of the SdS conformal diagram is not required to be
physical. We can therefore imagine tunneling from the
bound Solution 1 or Solution 2 of Fig. 5 to the unbound
spaceti me shown in Fig. 7. This new process, which can
only occur in the presenceof an exterior cosmological
constant, is depicted in Fig. 9. For every tr ansition which
goesthr ough the worm hole, as in the FGG mechanism,
there will be a tr ansition which instead goesout the cos-
mological horizon.

As the massis taken to zero, the tur ning point of the
bound solution goes to zero, and the tur ning point of the
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acrossthe bubble wall (l ine with arrow), and the physical regions shaded.

the expanding solutions (cells 5-7 ) on the other side of
the potenti al hump. Thi s event, shown in Fig. 9, would
constitute a violation of theNEC, and so thePenrose the-
orem would no longer apply to the antitra pped surfaces
that exist after the tunneling event. Such a process is
indeed apparent ly allowed [2, 3], and would describe the
quantum creation of an inßationary universefrom classi-
cally buildable initial condition s (if the initi al condition
is the IV-I-I I/I I I solution in cell 1).

Thi s is a rather str ange transit ion, however, as the
unbound solution is behind the wormhole in SdS (see
Fig. 9). An observer in region I would see the bubble ex-
pand, reach it s turning point, and then disappear, only
to be replaced by a black hole. An observer inside the
bubble would see the wall expanding away and Ð just
as it is about to tur n around and star t collapsing Ð in-

stead disappear behind the cosmological horizon. This
observer will be inside an inßationary universe, but for-
ever disconnected from region I. If the black hole in the
SdS spacet ime then evaporates, the baby universe wil l
becomecompletely topologically disconnected.
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Having considered one circumstance in which an NEC
violation precipitates the creation of an inßationary uni-

For every unbound solution behind a worm hole,

there is an identical solution outside the cosmological 
horizon (SdS non-compact).



R Tunneling Geometry: goes through dS horizon.
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Two Tunnels
L Tunneling Geometry: goes through wormhole.

pretat ion of false vacuum bubble format ion does to this picture, and unclear if the picture
of the actual mechaics of the ßuctuat ions that we have described has implicat ions. It would
be interest ing to Þnd states in thermal Þeld theory which cannot be connected by some
interpolat ion.... Also, the appearance of black holes in dS must be described by the same
No Boundary Proposal method, so maybe this is not a problem.
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dS to Bubble Spacetime
Three step process:
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9¥A bound solution is formed in its expanding 
phase.

¥The bound solution evolves to the classical 
turning point.

(Aguirre & Johnson, Phys. Rev. D72, 103525)Bound solutions are unstable. 
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9¥A bound solution is formed in its expanding 
phase.

¥The bound solution evolves to the classical 
turning point.

(Aguirre & Johnson, Phys. Rev. D72, 103525)Bound solutions are unstable. 

¥The bound solution tunnels through the 
effective potential to an unbound solution.



dS to Bubble Spacetime

¥Tunneling rate calculated using Dirac quantization 
in the WKB approximation, assuming a spherically 
symmetric mini-superspace. Can ThisHappen?
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processis ablackholein theregionof theold phase,which
is connectedby a wormholeto a universecontainingan
expandingbubbleof thenew phase.

As we sawin Sec.II, becauseSdSis noncompact,there
aremanypossibleone-bubblespacetimeswhereregionI of
theSdSconformaldiagramis not physical.We canthere-
fore imagine tunneling from the bound Solution 1 or
Solution 2 of Fig. 5 to the unboundspacetimeshown in
Fig. 7. This process,which canoccuronly in thepresence
of a a positive exteriorcosmologicalconstant,is depicted
in Fig. 10. For every transition which goesthrough the
wormhole, as in the FGG mechanism,there is another
transition which instead goes out the cosmological
horizon.

Therearemanypossibletransitionsto consider, corre-
spondingto the many qualitatively different spacetimes
shown in Figs.5 and6. In eachcase,the tunnelingproba-
bility in theWKB approximationis givenby

P!R1 ! R2" #
!!!!!!!!

! !R2"
! !R1"

!!!!!!!!
2
Õe2i" 0$R2%R1&; (33)

where [R2 % R1] representsevaluation betweenthe two
turning pointsof the classicalmotion,and" 0 is obtained
by integratingEq. (32). The plan of attackis to split the
integralinto threeparts:oneover theinteriorof thebubble,
oneover the exterior, andonein the neighborhoodof the
wall. We thuswrite:

i " 0 # FI $R2 % R1&' FO$R2 % R1&' Fw$R2 % R1&:
(34)

TheintegralsFI andFO arefoundby holdingrw andthe
geometryin the neighborhoodof the wall Þxed, while
allowing nontrivial variation of L and R in the interior
andexterior spacetimes.Following FMP, wewill integrate
L along a path of constantR to the boundaryof the
classically allowed/forbiddenregion, and then integrate
along this boundaryto the desiredconÞgurationof L!r",
R!r". Themomentavanishalongthissecondleg,andsothe
integralwill beof ! L over L

FI #
Z r̂

0
dr

Z
dL!( ! L "

# (
Z r̂

0
dr

"
i ! L % RR0cos%1

#
R0

La1=2
ds

$%
: (35)

Note that there is an ambiguity in the sign. This comes
from the fact that the constraints(Eq. (25) and (26)) are
secondorderin themomenta,andsowe mustaccountfor
both thepositive andnegative roots.To keeptrack of this

ambiguity, we will deÞnea variable" ) ( 1 with
&&&&&&&
! 2

L

q
#

"! L . We shallhave moreto sayaboutthis issuelater.
At theturningpoint,! L vanishes.Theintegralevaluated

betweenthe two turningpointsis then

FI $R2 % R1&# "
Z R2

R1

dRRcos%1
#

R0

La1=2
ds

$
(36)

Theintegraloutsidethebubblewall (r > rw) isgivenby

FO # "
Z 1

rw

dr
"
i ! L % RR0cos%1

#
R0

La1=2
sds

$%
(37)

which evaluatedbetweenthe two turningpointsbecomes

FO$R2 % R1&# "
Z R2

R1

dRRcos%1
#

R0

La1=2
sds

$
(38)

At theturningpoint,R0 insideandoutsideof rw is given
by solvingEqs.(25) and(26) for R0:

R0!rw % #" # ( La1=2
ds ; R0!rw ' #" # ( La1=2

sds: (39)

Therefore,the inversecosinein the integralsof Eq. (36)
and(38) areeither0 whenR0 is positive or ! whenR0 is
negative. To performtheseintegrals,imaginemoving the
wall alongthetunnelinghypersurface(t # 0) betweenthe
two turningpoints(for anexample,seeFig. 9). Thesignof
$ is positive if the coordinateradiusr is increasingin a
directionnormalto thewall andnegativeif it is decreasing.
Therefore,the sign of R0 is equalto the sign of $ asone
moves alongthe tunnelinghypersurface,andthe integrals
Eq. (36) and(38) will bezeroin regionsof positive $ and
! in regionsof negative $ .

Shown in TableI arethevaluesof FO andFI for all of
the possibletransitionswherethe unboundsolution is to
the left, on the conformaldiagram,of the boundsolution
(for example,the processshown in Fig. 9), which in all
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processis ablackholein theregionof theold phase,which
is connectedby a wormholeto a universecontainingan
expandingbubbleof thenew phase.

As we sawin Sec.II, becauseSdSis noncompact,there
aremanypossibleone-bubblespacetimeswhereregionI of
theSdSconformaldiagramis not physical.We canthere-
fore imagine tunneling from the bound Solution 1 or
Solution 2 of Fig. 5 to the unboundspacetimeshown in
Fig. 7. This process,which canoccuronly in thepresence
of a a positive exteriorcosmologicalconstant,is depicted
in Fig. 10. For every transition which goesthrough the
wormhole, as in the FGG mechanism,there is another
transition which instead goes out the cosmological
horizon.

Therearemanypossibletransitionsto consider, corre-
spondingto the many qualitatively different spacetimes
shown in Figs.5 and6. In eachcase,the tunnelingproba-
bility in theWKB approximationis givenby

P!R1 ! R2" #
!!!!!!!!

! !R2"
! !R1"

!!!!!!!!
2
Õe2i" 0$R2%R1&; (33)

where [R2 % R1] representsevaluation betweenthe two
turning pointsof the classicalmotion,and" 0 is obtained
by integratingEq. (32). The plan of attackis to split the
integralinto threeparts:oneover theinteriorof thebubble,
oneover the exterior, andonein the neighborhoodof the
wall. We thuswrite:

i " 0 # FI $R2 % R1&' FO$R2 % R1&' Fw$R2 % R1&:
(34)

TheintegralsFI andFO arefoundby holdingrw andthe
geometryin the neighborhoodof the wall Þxed, while
allowing nontrivial variation of L and R in the interior
andexterior spacetimes.Following FMP, wewill integrate
L along a path of constantR to the boundaryof the
classically allowed/forbiddenregion, and then integrate
along this boundaryto the desiredconÞgurationof L!r",
R!r". Themomentavanishalongthissecondleg,andsothe
integralwill beof ! L over L

FI #
Z r̂

0
dr

Z
dL!( ! L "

# (
Z r̂

0
dr

"
i ! L % RR0cos%1

#
R0

La1=2
ds

$%
: (35)

Note that there is an ambiguity in the sign. This comes
from the fact that the constraints(Eq. (25) and (26)) are
secondorderin themomenta,andsowe mustaccountfor
both thepositive andnegative roots.To keeptrack of this

ambiguity, we will deÞnea variable" ) ( 1 with
&&&&&&&
! 2

L

q
#

"! L . We shallhave moreto sayaboutthis issuelater.
At theturningpoint,! L vanishes.Theintegralevaluated

betweenthe two turningpointsis then

FI $R2 % R1&# "
Z R2

R1

dRRcos%1
#

R0

La1=2
ds

$
(36)

Theintegraloutsidethebubblewall (r > rw) isgivenby

FO # "
Z 1

rw

dr
"
i ! L % RR0cos%1

#
R0

La1=2
sds

$%
(37)

which evaluatedbetweenthe two turningpointsbecomes

FO$R2 % R1&# "
Z R2

R1

dRRcos%1
#

R0

La1=2
sds

$
(38)

At theturningpoint,R0 insideandoutsideof rw is given
by solvingEqs.(25) and(26) for R0:

R0!rw % #" # ( La1=2
ds ; R0!rw ' #" # ( La1=2

sds: (39)

Therefore,the inversecosinein the integralsof Eq. (36)
and(38) areeither0 whenR0 is positive or ! whenR0 is
negative. To performtheseintegrals,imaginemoving the
wall alongthetunnelinghypersurface(t # 0) betweenthe
two turningpoints(for anexample,seeFig. 9). Thesignof
$ is positive if the coordinateradiusr is increasingin a
directionnormalto thewall andnegativeif it is decreasing.
Therefore,the sign of R0 is equalto the sign of $ asone
moves alongthe tunnelinghypersurface,andthe integrals
Eq. (36) and(38) will bezeroin regionsof positive $ and
! in regionsof negative $ .

Shown in TableI arethevaluesof FO andFI for all of
the possibletransitionswherethe unboundsolution is to
the left, on the conformaldiagram,of the boundsolution
(for example,the processshown in Fig. 9), which in all
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processis ablackholein theregionof theold phase,which
is connectedby a wormholeto a universecontainingan
expandingbubbleof thenew phase.

As we sawin Sec.II, becauseSdSis noncompact,there
aremanypossibleone-bubblespacetimeswhereregionI of
theSdSconformaldiagramis not physical.We canthere-
fore imagine tunneling from the bound Solution 1 or
Solution 2 of Fig. 5 to the unboundspacetimeshown in
Fig. 7. This process,which canoccuronly in thepresence
of a a positive exteriorcosmologicalconstant,is depicted
in Fig. 10. For every transition which goesthrough the
wormhole, as in the FGG mechanism,there is another
transition which instead goes out the cosmological
horizon.

Therearemanypossibletransitionsto consider, corre-
spondingto the many qualitatively different spacetimes
shown in Figs.5 and6. In eachcase,the tunnelingproba-
bility in theWKB approximationis givenby

P!R1 ! R2" #
!!!!!!!!

! !R2"
! !R1"

!!!!!!!!
2
Õe2i" 0$R2%R1&; (33)

where [R2 % R1] representsevaluation betweenthe two
turning pointsof the classicalmotion,and" 0 is obtained
by integratingEq. (32). The plan of attackis to split the
integralinto threeparts:oneover theinteriorof thebubble,
oneover the exterior, andonein the neighborhoodof the
wall. We thuswrite:

i " 0 # FI $R2 % R1&' FO$R2 % R1&' Fw$R2 % R1&:
(34)

TheintegralsFI andFO arefoundby holdingrw andthe
geometryin the neighborhoodof the wall Þxed, while
allowing nontrivial variation of L and R in the interior
andexterior spacetimes.Following FMP, wewill integrate
L along a path of constantR to the boundaryof the
classically allowed/forbiddenregion, and then integrate
along this boundaryto the desiredconÞgurationof L!r",
R!r". Themomentavanishalongthissecondleg,andsothe
integralwill beof ! L over L

FI #
Z r̂

0
dr

Z
dL!( ! L "

# (
Z r̂

0
dr

"
i ! L % RR0cos%1

#
R0

La1=2
ds

$%
: (35)

Note that there is an ambiguity in the sign. This comes
from the fact that the constraints(Eq. (25) and (26)) are
secondorderin themomenta,andsowe mustaccountfor
both thepositive andnegative roots.To keeptrack of this

ambiguity, we will deÞnea variable" ) ( 1 with
&&&&&&&
! 2

L

q
#

"! L . We shallhave moreto sayaboutthis issuelater.
At theturningpoint,! L vanishes.Theintegralevaluated

betweenthe two turningpointsis then

FI $R2 % R1&# "
Z R2

R1

dRRcos%1
#

R0

La1=2
ds

$
(36)

Theintegraloutsidethebubblewall (r > rw) isgivenby

FO # "
Z 1

rw

dr
"
i ! L % RR0cos%1

#
R0

La1=2
sds

$%
(37)

which evaluatedbetweenthe two turningpointsbecomes

FO$R2 % R1&# "
Z R2

R1

dRRcos%1
#

R0

La1=2
sds

$
(38)

At theturningpoint,R0 insideandoutsideof rw is given
by solvingEqs.(25) and(26) for R0:

R0!rw % #" # ( La1=2
ds ; R0!rw ' #" # ( La1=2

sds: (39)

Therefore,the inversecosinein the integralsof Eq. (36)
and(38) areeither0 whenR0 is positive or ! whenR0 is
negative. To performtheseintegrals,imaginemoving the
wall alongthetunnelinghypersurface(t # 0) betweenthe
two turningpoints(for anexample,seeFig. 9). Thesignof
$ is positive if the coordinateradiusr is increasingin a
directionnormalto thewall andnegativeif it is decreasing.
Therefore,the sign of R0 is equalto the sign of $ asone
moves alongthe tunnelinghypersurface,andthe integrals
Eq. (36) and(38) will bezeroin regionsof positive $ and
! in regionsof negative $ .

Shown in TableI arethevaluesof FO andFI for all of
the possibletransitionswherethe unboundsolution is to
the left, on the conformaldiagram,of the boundsolution
(for example,the processshown in Fig. 9), which in all

III r

II

IV

II’

IV’

r C
I

III’

IV’’

II’’

BH

FIG. 10 (color online). Tunnelingfrom a boundsolutionto an
unboundsolutionwhichexistsoutsidethecosmologicalhorizon.

BH
r

r C

I

II

IV

II’

III’

II’’

IV’’

III’’

IV’

III

FIG. 9 (color online). The FGGmechanism:tunnelingfrom a
boundsolution to an unboundsolution on the other side of a
wormhole.

ANTHONY AGUIRRE AND MATTHEW C. JOHNSON PHYSICAL REVIEW D 00

8

False Vacuum Bubbles

0 0.005 0.01 0.015 0.02 0.025 0.03
M k

! 8

! 6

! 4

! 2

0

Log!P" k2

More
Probable

10! 50 < k < 10! 5

weak ~Planck

= R

= L



Tunneling Exponents

processis ablackholein theregionof theold phase,which
is connectedby a wormholeto a universecontainingan
expandingbubbleof thenew phase.

As we sawin Sec.II, becauseSdSis noncompact,there
aremanypossibleone-bubblespacetimeswhereregionI of
theSdSconformaldiagramis not physical.We canthere-
fore imagine tunneling from the bound Solution 1 or
Solution 2 of Fig. 5 to the unboundspacetimeshown in
Fig. 7. This process,which canoccuronly in thepresence
of a a positive exteriorcosmologicalconstant,is depicted
in Fig. 10. For every transition which goesthrough the
wormhole, as in the FGG mechanism,there is another
transition which instead goes out the cosmological
horizon.

Therearemanypossibletransitionsto consider, corre-
spondingto the many qualitatively different spacetimes
shown in Figs.5 and6. In eachcase,the tunnelingproba-
bility in theWKB approximationis givenby

P!R1 ! R2" #
!!!!!!!!

! !R2"
! !R1"

!!!!!!!!
2
Õe2i" 0$R2%R1&; (33)

where [R2 % R1] representsevaluation betweenthe two
turning pointsof the classicalmotion,and" 0 is obtained
by integratingEq. (32). The plan of attackis to split the
integralinto threeparts:oneover theinteriorof thebubble,
oneover the exterior, andonein the neighborhoodof the
wall. We thuswrite:

i " 0 # FI $R2 % R1&' FO$R2 % R1&' Fw$R2 % R1&:
(34)

TheintegralsFI andFO arefoundby holdingrw andthe
geometryin the neighborhoodof the wall Þxed, while
allowing nontrivial variation of L and R in the interior
andexterior spacetimes.Following FMP, wewill integrate
L along a path of constantR to the boundaryof the
classically allowed/forbiddenregion, and then integrate
along this boundaryto the desiredconÞgurationof L!r",
R!r". Themomentavanishalongthissecondleg,andsothe
integralwill beof ! L over L

FI #
Z r̂

0
dr

Z
dL!( ! L "

# (
Z r̂

0
dr

"
i ! L % RR0cos%1

#
R0

La1=2
ds

$%
: (35)

Note that there is an ambiguity in the sign. This comes
from the fact that the constraints(Eq. (25) and (26)) are
secondorderin themomenta,andsowe mustaccountfor
both thepositive andnegative roots.To keeptrack of this

ambiguity, we will deÞnea variable" ) ( 1 with
&&&&&&&
! 2

L

q
#

"! L . We shallhave moreto sayaboutthis issuelater.
At theturningpoint,! L vanishes.Theintegralevaluated

betweenthe two turningpointsis then

FI $R2 % R1&# "
Z R2

R1

dRRcos%1
#

R0

La1=2
ds

$
(36)

Theintegraloutsidethebubblewall (r > rw) isgivenby

FO # "
Z 1

rw

dr
"
i ! L % RR0cos%1

#
R0

La1=2
sds

$%
(37)

which evaluatedbetweenthe two turningpointsbecomes

FO$R2 % R1&# "
Z R2

R1

dRRcos%1
#

R0

La1=2
sds

$
(38)

At theturningpoint,R0 insideandoutsideof rw is given
by solvingEqs.(25) and(26) for R0:

R0!rw % #" # ( La1=2
ds ; R0!rw ' #" # ( La1=2

sds: (39)

Therefore,the inversecosinein the integralsof Eq. (36)
and(38) areeither0 whenR0 is positive or ! whenR0 is
negative. To performtheseintegrals,imaginemoving the
wall alongthetunnelinghypersurface(t # 0) betweenthe
two turningpoints(for anexample,seeFig. 9). Thesignof
$ is positive if the coordinateradiusr is increasingin a
directionnormalto thewall andnegativeif it is decreasing.
Therefore,the sign of R0 is equalto the sign of $ asone
moves alongthe tunnelinghypersurface,andthe integrals
Eq. (36) and(38) will bezeroin regionsof positive $ and
! in regionsof negative $ .

Shown in TableI arethevaluesof FO andFI for all of
the possibletransitionswherethe unboundsolution is to
the left, on the conformaldiagram,of the boundsolution
(for example,the processshown in Fig. 9), which in all
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processis ablackholein theregionof theold phase,which
is connectedby a wormholeto a universecontainingan
expandingbubbleof thenew phase.

As we sawin Sec.II, becauseSdSis noncompact,there
aremanypossibleone-bubblespacetimeswhereregionI of
theSdSconformaldiagramis not physical.We canthere-
fore imagine tunneling from the bound Solution 1 or
Solution 2 of Fig. 5 to the unboundspacetimeshown in
Fig. 7. This process,which canoccuronly in thepresence
of a a positive exteriorcosmologicalconstant,is depicted
in Fig. 10. For every transition which goesthrough the
wormhole, as in the FGG mechanism,there is another
transition which instead goes out the cosmological
horizon.

Therearemanypossibletransitionsto consider, corre-
spondingto the many qualitatively different spacetimes
shown in Figs.5 and6. In eachcase,the tunnelingproba-
bility in theWKB approximationis givenby

P!R1 ! R2" #
!!!!!!!!

! !R2"
! !R1"

!!!!!!!!
2
Õe2i" 0$R2%R1&; (33)

where [R2 % R1] representsevaluation betweenthe two
turning pointsof the classicalmotion,and" 0 is obtained
by integratingEq. (32). The plan of attackis to split the
integralinto threeparts:oneover theinteriorof thebubble,
oneover the exterior, andonein the neighborhoodof the
wall. We thuswrite:

i " 0 # FI $R2 % R1&' FO$R2 % R1&' Fw$R2 % R1&:
(34)

TheintegralsFI andFO arefoundby holdingrw andthe
geometryin the neighborhoodof the wall Þxed, while
allowing nontrivial variation of L and R in the interior
andexterior spacetimes.Following FMP, wewill integrate
L along a path of constantR to the boundaryof the
classically allowed/forbiddenregion, and then integrate
along this boundaryto the desiredconÞgurationof L!r",
R!r". Themomentavanishalongthissecondleg,andsothe
integralwill beof ! L over L

FI #
Z r̂

0
dr

Z
dL!( ! L "

# (
Z r̂

0
dr

"
i ! L % RR0cos%1

#
R0

La1=2
ds

$%
: (35)

Note that there is an ambiguity in the sign. This comes
from the fact that the constraints(Eq. (25) and (26)) are
secondorderin themomenta,andsowe mustaccountfor
both thepositive andnegative roots.To keeptrack of this

ambiguity, we will deÞnea variable" ) ( 1 with
&&&&&&&
! 2

L

q
#

"! L . We shallhave moreto sayaboutthis issuelater.
At theturningpoint,! L vanishes.Theintegralevaluated

betweenthe two turningpointsis then

FI $R2 % R1&# "
Z R2

R1

dRRcos%1
#

R0

La1=2
ds

$
(36)

Theintegraloutsidethebubblewall (r > rw) isgivenby

FO # "
Z 1

rw

dr
"
i ! L % RR0cos%1

#
R0

La1=2
sds

$%
(37)

which evaluatedbetweenthe two turningpointsbecomes

FO$R2 % R1&# "
Z R2

R1

dRRcos%1
#

R0

La1=2
sds

$
(38)

At theturningpoint,R0 insideandoutsideof rw is given
by solvingEqs.(25) and(26) for R0:

R0!rw % #" # ( La1=2
ds ; R0!rw ' #" # ( La1=2

sds: (39)

Therefore,the inversecosinein the integralsof Eq. (36)
and(38) areeither0 whenR0 is positive or ! whenR0 is
negative. To performtheseintegrals,imaginemoving the
wall alongthetunnelinghypersurface(t # 0) betweenthe
two turningpoints(for anexample,seeFig. 9). Thesignof
$ is positive if the coordinateradiusr is increasingin a
directionnormalto thewall andnegativeif it is decreasing.
Therefore,the sign of R0 is equalto the sign of $ asone
moves alongthe tunnelinghypersurface,andthe integrals
Eq. (36) and(38) will bezeroin regionsof positive $ and
! in regionsof negative $ .

Shown in TableI arethevaluesof FO andFI for all of
the possibletransitionswherethe unboundsolution is to
the left, on the conformaldiagram,of the boundsolution
(for example,the processshown in Fig. 9), which in all
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processis ablackholein theregionof theold phase,which
is connectedby a wormholeto a universecontainingan
expandingbubbleof thenew phase.

As we sawin Sec.II, becauseSdSis noncompact,there
aremanypossibleone-bubblespacetimeswhereregionI of
theSdSconformaldiagramis not physical.We canthere-
fore imagine tunneling from the bound Solution 1 or
Solution 2 of Fig. 5 to the unboundspacetimeshown in
Fig. 7. This process,which canoccuronly in thepresence
of a a positive exteriorcosmologicalconstant,is depicted
in Fig. 10. For every transition which goesthrough the
wormhole, as in the FGG mechanism,there is another
transition which instead goes out the cosmological
horizon.

Therearemanypossibletransitionsto consider, corre-
spondingto the many qualitatively different spacetimes
shown in Figs.5 and6. In eachcase,the tunnelingproba-
bility in theWKB approximationis givenby

P!R1 ! R2" #
!!!!!!!!

! !R2"
! !R1"

!!!!!!!!
2
Õe2i" 0$R2%R1&; (33)

where [R2 % R1] representsevaluation betweenthe two
turning pointsof the classicalmotion,and" 0 is obtained
by integratingEq. (32). The plan of attackis to split the
integralinto threeparts:oneover theinteriorof thebubble,
oneover the exterior, andonein the neighborhoodof the
wall. We thuswrite:

i " 0 # FI $R2 % R1&' FO$R2 % R1&' Fw$R2 % R1&:
(34)

TheintegralsFI andFO arefoundby holdingrw andthe
geometryin the neighborhoodof the wall Þxed, while
allowing nontrivial variation of L and R in the interior
andexterior spacetimes.Following FMP, wewill integrate
L along a path of constantR to the boundaryof the
classically allowed/forbiddenregion, and then integrate
along this boundaryto the desiredconÞgurationof L!r",
R!r". Themomentavanishalongthissecondleg,andsothe
integralwill beof ! L over L

FI #
Z r̂

0
dr

Z
dL!( ! L "

# (
Z r̂

0
dr

"
i ! L % RR0cos%1

#
R0

La1=2
ds

$%
: (35)

Note that there is an ambiguity in the sign. This comes
from the fact that the constraints(Eq. (25) and (26)) are
secondorderin themomenta,andsowe mustaccountfor
both thepositive andnegative roots.To keeptrack of this

ambiguity, we will deÞnea variable" ) ( 1 with
&&&&&&&
! 2

L

q
#

"! L . We shallhave moreto sayaboutthis issuelater.
At theturningpoint,! L vanishes.Theintegralevaluated

betweenthe two turningpointsis then

FI $R2 % R1&# "
Z R2

R1

dRRcos%1
#

R0

La1=2
ds

$
(36)

Theintegraloutsidethebubblewall (r > rw) isgivenby

FO # "
Z 1

rw

dr
"
i ! L % RR0cos%1

#
R0

La1=2
sds

$%
(37)

which evaluatedbetweenthe two turningpointsbecomes

FO$R2 % R1&# "
Z R2

R1

dRRcos%1
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At theturningpoint,R0 insideandoutsideof rw is given
by solvingEqs.(25) and(26) for R0:

R0!rw % #" # ( La1=2
ds ; R0!rw ' #" # ( La1=2

sds: (39)

Therefore,the inversecosinein the integralsof Eq. (36)
and(38) areeither0 whenR0 is positive or ! whenR0 is
negative. To performtheseintegrals,imaginemoving the
wall alongthetunnelinghypersurface(t # 0) betweenthe
two turningpoints(for anexample,seeFig. 9). Thesignof
$ is positive if the coordinateradiusr is increasingin a
directionnormalto thewall andnegativeif it is decreasing.
Therefore,the sign of R0 is equalto the sign of $ asone
moves alongthe tunnelinghypersurface,andthe integrals
Eq. (36) and(38) will bezeroin regionsof positive $ and
! in regionsof negative $ .

Shown in TableI arethevaluesof FO andFI for all of
the possibletransitionswherethe unboundsolution is to
the left, on the conformaldiagram,of the boundsolution
(for example,the processshown in Fig. 9), which in all
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=⇒ H̃ = ṫ (p̃t + H ) = 0 (11)

ˆ̃H " = 0 (12)

HS ≡ H + p̃t = 0 (13)
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%
(6)

L̃ ≡ ṫ L (7)
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gramarephysical.Thisobservationis keyfor thetunneling
mechanismswe will describein thenext section.

Moving on to the othersolutionsin Fig. 6, Solution10
(correspondingto eithertrue-or false-vacuumbubble)and
Solution11 (correspondingto a false-vacuumbubble)are
massive unboundsolutionswhich lie outsidethe cosmo-
logical horizonof a regionIII observer. Solution12 (cor-
respondingto a false-vacuum bubble) and Solution 13
(correspondingto either a true- or false-vacuumbubble)
aremonotonicsolutionswith massgreaterthantheNariai
massof theSdSspacetime.Thiscanbeseenby notingthat
theseconstantQ trajectoriesnevercrosstheQsds line in the
potentialdiagrams.Thefalse-vacuumbubbleSolution14,
and the true- or false-vacuum bubble solution 15 are
monotonic solutions which must lie to the left of the
wormhole.

Thereis onemore classof solutions,shown in Fig. 8,
whichexist in unstableequilibriumbetweentheboundand
unboundsolutionsof Fig. 5 and6. Solution16corresponds
to true-or false-vacuumbubbleswith B < 3!A " 1#, while
Solution17 correspondsto true- or false-vacuumbubbles
with B > 3!A " 1#. ThesesolutionscanbeidentiÞedasthe
spacetimesof thethermalactivationmechanismof Garriga
and Megevand [10], which we will discussfurther in
Sec.III C andIV.

Classicaltrajectoriesexistoneithersideof thepotential
diagramsof Figs.1Ð4, andso onecanaskif thereis any
quantumprocessthat connectstwo solutionsof the same
massthrough the classically forbidden region under the
potential.This would correspondto transitionsfrom the
boundspacetimesshown in Fig.5 (Solutions1 and2) to the

unboundspacetimesshown in Figs.5 and6 (Solutions6Ð
11).Suchprocessesdo seemto occur[7Ð9,33,34],at least
within the framework of semiclassicalquantumgravity,
and we now turn to the problem of determiningwhich
transitionsareallowedandwith whatprobabilities.

III. TUNNELING

Thepotentialdiagramsdiscussedin theprevioussection
nicely summarize the classically allowed one-bubble
spacetimes.They also illustrate the possibility that there
might exist someprocessakin to the tunnelingof a point
particle througha potentialbarrier. Sucha processwould
correspondto the quantumtunneling betweenthin-wall
bubblesof equal mass,but different turning-point radii.
We will Þnd that in SdS,thereareactually two different
semiclassicaltunneling processeswhich connectequal-
masssolutions: the FGG mechanism[7] and a process
which is only allowed in the presenceof an exteriorcos-
mological constant,andwhich hasa zero-masslimit that
correspondsto CDL true-or false-vacuumbubblenuclea-
tion [3,6].

A. Hamiltonian formalism

In a pair of papers,Fischleret al. (FMP) [8,9] presented
a calculation of the probability for transitionsbetween
variousthin-wall false-vacuumbubblesolutions.This cal-
culationwasdoneusingHamiltonianmethodsin theWKB
approximationfor the casewherethe exteriorcosmologi-
calconstantis zero.A similarcalculationof suchtunneling
events was performedby Farhi et al. [7] using a path
integral approach.Both methodsencounterthe difÞculty
thattheinterpolatinggeometryinvolvesatwo-to-onemap-
ping to theexteriorspacetime,andthusis not a manifold.
We will usethe Hamiltonianapproach,which is the most
direct routeto a tunnelingexponentandtemporarilyskirts
this issue.A discussionof the interpolatinggeometrywill
appearin a forthcomingpublication[35].

Here,we extendthe calculationof FMP to include all
spacetimeswith arbitrary non-negative interior (!" ) and
exterior (!$ ) cosmologicalconstants.This formalism,
with the catalogof all classicallyallowed solutions,will
allow usto createacompletelisting of thepossibletunnel-
ing events.

Following FMP, webegin by makingacoordinatetrans-
formation to recastthe interior and exterior metrics in
Eqs.(1) and(3) into the form

ds2 % " Nt!t; r#2dt2 $ L!t; r#2&dr $ Nr !t; r#dt' 2

$ R!t; r#2!d! 2 $ sin2! d" 2#; (17)

whereNt!t; r#is thelapsefunction,Nr !t; r#is theshift, and
L ( ds=dr. The action for a general theory of matter
coupledto gravity is thengiven by
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Ĥ =
"(

n =0

[an (q̂) p̂n + O (! ) + .....] (23)

$ (q) =
! q

p(q̄) dq̄ (24)

H =
"(

n =0

an (q) pn (25)

" (q) = e
i ! (q)

! (26)

1

r ! " z (1)

! ! " T (2)

M # Q! 2/ 3 (3)

Y = Y (! + , ! ! , k) (4)

S [q(t)] =
∫ t 2

t 1

dtL
(

q,
dq
dt

)
(5)

S [q, t] =
∫ ! 2

! 1

d! ÷L
(
q, úq, út

)
(6)

÷L $ út L (7)

÷pq =
" ÷L
" úq

=
" L

"
(

dq
dt

) = pq (8)

÷pt =
" ÷L
" út

= L + út
" L
" út

= %H (9)

÷H = ÷pq úq + ÷pt út % ÷L (10)

=& ÷H = út ( ÷pt + H ) = 0 (11)

ö÷H " = 0 (12)

HS $ H + ÷pt = 0 (13)

öHS" = 0 (14)

HS %" öHS (15)

÷pt %" %i !
"
" t

(16)

(
öH %E

)
" (q) = 0 (17)

" () (18)

öHt " = öHr " = 0, (19a)

ö#N t" = ö#N r " = 0, (19b)

R1 (20)

R2 (21)

"∑

n =0

an (q)
(

d$
dq

)n

= H (q,
d$
dq

) = E (22)

öH =
"∑

n =0

[an (öq) öpn + O (! ) + .....] (23)

$ (q) =
∫ q

p(øq) døq (24)

H =
"∑

n =0

an (q) pn (25)

" (q) = e
i! ( q)

! (26)

r
III

B
H

II

IV

IIÕ

IVÕ

r C
I

IVÕÕ

IIÕÕ

IIIÕ
III

II

IV

IIÕ

IVÕ

r C
I

IVÕÕ

IIÕÕ

IIIÕ
III

II

IV

IIÕ

IVÕ

r C
I

IVÕÕ

IIÕÕ

IIIÕ

R Geometry

ÒDestroysÓ a huge
 region!

High-Mass Limit: FV Bubbles

= R

= L

0 0.005 0.01 0.015 0.02 0.025 0.03
M k

! 8

! 6

! 4

! 2

0

Log!P" k2



High-Mass Limit: 
TV Bubbles

R Geometry

gramarephysical.Thisobservationis keyfor thetunneling
mechanismswe will describein thenext section.

Moving on to the othersolutionsin Fig. 6, Solution10
(correspondingto eithertrue-or false-vacuumbubble)and
Solution11 (correspondingto a false-vacuumbubble)are
massive unboundsolutionswhich lie outsidethe cosmo-
logical horizonof a regionIII observer. Solution12 (cor-
respondingto a false-vacuum bubble) and Solution 13
(correspondingto either a true- or false-vacuumbubble)
aremonotonicsolutionswith massgreaterthantheNariai
massof theSdSspacetime.Thiscanbeseenby notingthat
theseconstantQ trajectoriesnevercrosstheQsdsline in the
potentialdiagrams.Thefalse-vacuumbubbleSolution14,
and the true- or false-vacuum bubble solution 15 are
monotonic solutions which must lie to the left of the
wormhole.

Thereis onemore classof solutions,shown in Fig. 8,
whichexist in unstableequilibriumbetweentheboundand
unboundsolutionsof Fig. 5 and6. Solution16corresponds
to true-or false-vacuumbubbleswith B < 3!A" 1#, while
Solution17 correspondsto true- or false-vacuumbubbles
with B > 3!A" 1#. ThesesolutionscanbeidentiÞedasthe
spacetimesof thethermalactivationmechanismof Garriga
and Megevand [10], which we will discussfurther in
Sec.III C andIV.

Classicaltrajectoriesexistoneithersideof thepotential
diagramsof Figs.1Ð4, andso onecanaskif thereis any
quantumprocessthat connectstwo solutionsof the same
massthrough the classically forbidden region under the
potential.This would correspondto transitionsfrom the
boundspacetimesshown in Fig.5 (Solutions1 and2) to the

unboundspacetimesshown in Figs.5 and6 (Solutions6Ð
11).Suchprocessesdo seemto occur[7Ð9,33,34],at least
within the framework of semiclassicalquantumgravity,
and we now turn to the problem of determiningwhich
transitionsareallowedandwith whatprobabilities.

III. TUNNELING

Thepotentialdiagramsdiscussedin theprevioussection
nicely summarize the classically allowed one-bubble
spacetimes.They also illustrate the possibility that there
might exist someprocessakin to the tunnelingof a point
particle througha potentialbarrier. Sucha processwould
correspondto the quantumtunneling betweenthin-wall
bubblesof equal mass,but different turning-point radii.
We will Þnd that in SdS,thereareactually two different
semiclassicaltunneling processeswhich connectequal-
masssolutions: the FGG mechanism[7] and a process
which is only allowed in the presenceof an exteriorcos-
mological constant,andwhich hasa zero-masslimit that
correspondsto CDL true-or false-vacuumbubblenuclea-
tion [3,6].

A. Hamiltonian formalism

In a pair of papers,Fischleret al. (FMP) [8,9] presented
a calculation of the probability for transitionsbetween
variousthin-wall false-vacuumbubblesolutions.This cal-
culationwasdoneusingHamiltonianmethodsin theWKB
approximationfor the casewherethe exteriorcosmologi-
calconstantis zero.A similarcalculationof suchtunneling
events was performedby Farhi et al. [7] using a path
integral approach.Both methodsencounterthe difÞculty
thattheinterpolatinggeometryinvolvesatwo-to-onemap-
ping to theexteriorspacetime,andthusis not a manifold.
We will usethe Hamiltonianapproach,which is the most
direct routeto a tunnelingexponentandtemporarilyskirts
this issue.A discussionof the interpolatinggeometrywill
appearin a forthcomingpublication[35].

Here,we extendthe calculationof FMP to include all
spacetimeswith arbitrary non-negative interior (! ") and
exterior (! $) cosmologicalconstants.This formalism,
with the catalogof all classicallyallowed solutions,will
allow usto createacompletelisting of thepossibletunnel-
ing events.

Following FMP, webegin by makingacoordinatetrans-
formation to recastthe interior and exterior metrics in
Eqs.(1) and(3) into the form

ds2 % "Nt!t; r #2dt2 $ L!t; r #2&dr $ Nr !t; r #dt'2

$ R!t; r #2!d!2 $ sin2!d"2#; (17)

whereNt!t; r # is thelapsefunction,Nr !t; r # is theshift, and
L ( ds=dr. The action for a general theory of matter
coupledto gravity is thengiven by
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gramarephysical.Thisobservationis keyfor thetunneling
mechanismswe will describein thenext section.
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False Vacuum Bubbles True Vacuum Bubbles

using the AdS/CFT correspondence,it correspondsto a
nonunitaryprocess.

Thezero-masslimit of theR tunnelinggeometrycorre-
spondsto the nucleation,in somebackground,of a CDL
true- or false-vacuumbubble. The CDL tunnelingexpo-
nent(includingthebackgroundsubtraction)canbewritten
as[10,39]

SCDL !
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#######################
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! $ " 3" 2
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s

: (43)

The horizontaldotted line in Fig. 11 is the value of the
CDL tunnelingexponentfor aparticularchoiceof parame-
ters, and it can be seenthat the zero-masslimit (Q $$$!
$ 1 ) of thetunnelinggeometrywith nowormholeasymp-
totesto this.Similar resultswerefoundin thecaseof true-
vacuumbubblesby Ansoldi et al. [40], who wereableto
reproduce the CDL tunneling exponent using a
Hamiltonianformalism.

It can be seenin Fig. 11, that the tunnelingexponent
takes opposite signs for the two tunneling geometries
(Fig. 9 and 10). For both tunneling probabilities to be
less than one, # must take oppositesigns in eachcase.
We have foundthat thezero-masslimit of theL tunneling
geometry(FGGmechanism)correspondsto creationof an
inhomogenousuniverse from nothing. This perspective
suggeststhat the sign choicewe are forced to makeis a
reßectionof somequantum-cosmological boundarycon-
ditions, since choosingthe sign of # is tantamountto
choosingthe growing or decayingwave function in the
regionunderthe well. Taking linear combinationsof the
growing and decayingwave functionalswould yield any
one of the threeexistentsign conventionsof Hartle and
Hawking [41], Linde [42], andVilenkin [37]. In contrast,
thesignchoiceis ratherstraightforwardfor theR tunneling
geometries.This processhasa clear-cutinterpretationin
terms of a ßuctuationbetweentrue- and false-vacuum
regions. Thus, we might physically interpret the low
CDL probability as the low probability for a downward
entropyßuctuationin the backgroundspacetimeto occur
[4].

If both tunnelinggeometriesareallowed,we have two
processeswhich correspondto tunnelingunderthe same
potentialwell Eq. (11). It is unclearexactly how oneis to
interpretthis situation,but if it werethecasethatonly one
of thesetwo interpretationswerevalid, therewould be a
numberof important consequences.For example, if the
FGGmechanism(L tunnelinggeometry)is in fact forbid-
den, then there would be no possible thin-wall false-

vacuum bubble nucleationevents in Minkowski space.
We have also seenabove that the bound and unbound
solutionswill mergeinto the monotonicsolution at the
top of thepotentialfor either theL or R tunnelinggeome-
try, but never both.Sincein the low-masslimit only theR
tunneling geometrymatchesthe tunneling exponent for
CDL bubbles, if one were to choosebetweenthe two
mechanisms,either the low or the high massend of the
spectrumwould be discontinuousfor somerangeof pa-
rameters.We hopeto explorethesepointsfurtherin future
work.

Having developedthe necessarytools to calculatethe
exponentfor tunneling from bound to unboundvacuum
bubbles,we now Þnishthe developmentof a framework
which will allow us to comparethe relative likelihood for
all thin-walledvacuumtransitionsto occur.

IV. COMPARISON OF THE TUNNELING
EXPONENTS

AssumingthattheFGGmechanismexists(theL tunnel-
ing geometries),andthatwecanchoosetheoverall tunnel-
ing exponentto benegative for boththeL andR tunneling
geometries,we now ventureto directly comparethe tun-
neling rates for thesetwo processes.In a cosmological
setting,we must ßuctuatethe boundsolution which will
expandto its turningpointandpossiblytunnelto oneof the
unboundsolutions.In the absenceof a detailedtheoryof
thenatureof theseßuctuations,we assumethat theproba-
bility of ßuctuatinga solutionof a givenmassis given by
theexponentialof theentropychangedueto thechangein
theareaof theexteriordShorizonin thepresenceof amass
[25,43]
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whereRC is the radiusof curvatureof the cosmological
horizonin SdS.

Once the bound solution has beenßuctuated,it must
survive until it reachesthe turning point of the classical
motion.Theauthorshaveshown [12] thatanysolutionwith
a turning point is unstableagainstnonsphericalperturba-
tions. Even quantumßuctuationspresenton the bubble
wall at the time of nucleation will go nonlinear over
somerangeof initial size and mass.Presumably, these
asphericitieswill affect the tunneling mechanismdis-
cussedin the previous section,and may be a signiÞcant
correctionto theseprocesses.Seedbubblescan,however,
avoid this instability by forming as near-perfectspheres
very near the turning point; in the spectrumof possible
ßuctuations,therewill inevitably besomesuchevents.

Assumingthattheseedbubbleis still reasonablyspheri-
cally symmetric when it reachesthe turning point, the
probability to go from emptydSto thespacetimecontain-
ing anexpandingvacuumbubbleis given by theproduct

P ÕCPseede2i" 0 ( Ce$ SE: (45)
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and region I of the SdS conformal diagram, the tunnel-
ing exponent for which is given by ! B = !

!
R2

S ! R2
C

"
.

The FGG tunneling geometry which remains enti rely be-
hind the worm hole (blue line) interpolates smoothly to
the monotonic Solution 14 of Fig. 6, and sothe tunneling
exponent at the top of the potential goes to zero.

Having developed the necessary tools to calculate the
exponent for tunneling from bound to unbound vacuum
bubbles, we now Þnish the development of a framework
which will allow us to compare the relative likelihood
for all of the di! erent thin -walled vacuum transitions to
occur.

IV. COM PARISON OF TH E TUNNELIN G
EX PON EN TS

Assuming that the FGG mechanism exists,and that we
can choosethe overall tunneling exponent to be negative
for both the FGG mechanism and the tunneling geome-
try without the worm hole, we now venture to directl y
compare the tunneling rates for these two processes. In a
cosmological set ting, we must ßuctuate the bound solu-
tion which wil l expand to itÕs tur ning point and possibly
tunnel to one of the unbound solutions. In the absence
of a detai led theory of the nature of these ßuctuati ons,
we assume that the probabilit y of ßuctuat ing a solution
of a given mass is given by the exponential of the entropy
change due to the change in the area of the exterior de
Sitter horizon in the presence of a mass [2]

Pseed = exp
#
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$
3
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! R2
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where RC is the radius of curvature of the cosmological
horizon in SdS.

Once the bound solution has beenßuctuated, it must
survive until it reaches the turning point of the classical
motion. The authors have shown [1] that any solution
with a tur ning point is unstable against non-spherical
pertur bations. Even quantum ßuctations present on the
bubble wall at the time of nucleation will go nonlinear
over some range of initi al size and mass. To avoid this
instabili ty, the seed bubbles must form very near the
turning point and be almost spherically symmetric. It is
unclear how asphericities will a! ect the tunneling mech-
anism discussed in the previous section, but this may be
a signiÞcant correction to theseprocesses.

Assuming that theseedbubble isstil l reasonable spher-
ically symmetric when it reaches the turning point, the
probabilit y to go from empty de Sitter to the spaceti me
contain ing an expanding vacuum bubble is given by the
product

P " APseede2i ! 0 # Ae! SE . (45)

FIG. 11: Tunneling exponent as a function of Q for (A =
1, B = 6) (false vacuum bubbles). The blue line is for the
tunneling geometry with a worm hole, while the red line is for
the tunneling geometry in the without the worm hole.

Shown in Fig. 11 is ! SE as a function of Q for (A = 1,
B = 6), normalized to k! 2, for both the tunneling ge-
ometr y with (blue line) and with out (red line) the worm
hole. In th is case, it can be seen that the FGG mech-
anism is always more probable than the tunneling out
the cosmologicalhorizon. Also, note that the zero mass
solution is in both cases the most probable, even though
the widt h of the potential barrier is largest in th is limit.

We can also locate the tunneling exponent for thermal
activation [19] in Fig. 11 as the most massive FGG solu-
tion [[mark as dot on plot]]. These solutions are bubbles
which form in unstable equili brium between expansion
and collapse. We Þnd, in agreement with Garriga and
Megevand [19], that thermal activation is always sub-
dominant to CDL. Thermal activation can correspond
to an FGG-li ke process, where the bubble appears be-
hind the wormhole, or to a solution which is not behind
the worm hole, depending on where the " sds sign change
occurs [1]. For B > 3(A ! 1), thermal activation cor-
responds to the most massive FGG solution, while for
B < 3(A ! 1) it corresponds to the most massive solu-
tion of the geometry wit hout the worm hole. The same
arguments against the FGG mechanism apply to the for-
mer case, and so it isunclear if such a processdoes indeed
exist.

We have studied examplesof the tunneling exponent
for all of the possible situations listed in Tables I and
I I. In general, the zero masssolution is always the most
probable for both the FGG mechanism and the geometr y
with out the worm hole. Thi s can be seen numerically .
Depending on the values of A and B , either the FGG
mechanism or the geometry without the worm hole can
dominate. Shown in Fig. 12 is an example where the ge-
ometr y with out the worm hole dominates. We can solve
for the regions of parameter spacewhere one geometr y
or another dominates by looking at the zero mass limit
in each case. The zero masslimit of the geometry with-
out the worm hole is CDL, and the tunneling exponent
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Creation from nothing
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CDL Bubbles dominate
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Two Tunnels
M = M m ax

Thermal

Thermal activation or ... ... or Thermal activation



Two Tunnels

Thermal activation or ...

L tunneling geometry

... or Thermal activation

R tunneling geometry

M
Non-zero

Thermal Quantum



Thermal activation or ...

L tunneling geometry

... or Thermal activation

R tunneling geometry

Two Tunnels

CDL/LW bubblesCreation of a universe
from nothing

Quantum
M = 0



What are the Rules?

¥Sign convention of tunneling exponent.

¥Are CDL and LW bubbles more ÒreasonableÓ 
than creation of a universe from nothing?

¥But.... High mass limit.

¥ Interpolating geometry.....

We need more than semi-classical methods!

It is Unclear which processes are allowed!

In conclusion:



Two Tunnels: Implications

¥Detailed balance and quantum gravity.

¥ADS/CFT and holography.

¥ Initial conditions for inßation.

Banks 2002
Banks and Johnson 2005

Frievogel et. al. 2005

Albrecht and Sorbo 2004
Dyson et. al. 2002

Bousso 2005

Time for further work in this direction!


