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Quantum entanglement

Nearly all the information in a typical 
entangled “quantum book” is encoded 
in the correlations among the “pages”.

You can't access the information if you 
read the book one page at a time. 
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A quantum computer can simulate efficiently any 
physical process that occurs in Nature.

(Maybe. We don’t actually know for sure.)

particle collision entangled electronsmolecular chemistry

black hole early universesuperconductor



Two amazing ideas:
Holographic correspondence

Quantum error correction
Are they closely related?

Holographic Quantum 
Error-Correcting Codes

arXiv:1503.06237

Building on 
Almheiri, Dong, Harlow

arXiv:1411.7041
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Decoherence explains why quantum phenomena, 
though observable in the microscopic systems 
studied in the physics lab, are not manifest in the 
macroscopic physical systems that we encounter in 
our ordinary experience.

Decoherence



EnvironmentDecoherence

ERROR!

How can we protect a
quantum computer from
decoherence and other 
sources of error?

Quantum
Computer



EnvironmentDecoherence

ERROR!

To resist decoherence, we 
must prevent the environment 
from “learning” about the state 
of the quantum computer 
during the computation.

Quantum
Computer



Quantum error correction

The protected “logical” quantum information is 
encoded in a highly entangled state of many 
physical qubits.

The environment can't access this information if 
it interacts locally with the protected system.
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General Relativity

Spacetime tells matter how to move.

Matter tells spacetime how to curve.

John Wheeler
(72 characters)



Positive vacuum energy tells 
spacetime to have positive 
curvature (de Sitter space).

Negative vacuum energy tells 
spacetime to have negative 
curvature (anti-de Sitter space = 
AdS).

Cosmological Constant = Vacuum Energy



De Sitter space has no boundary.

Anti-de Sitter space has a 
boundary.

This makes quantum mechanics 
in anti-de Sitter space easier.

Observables are anchored to the 
boundary.

Cosmological Constant = Vacuum Energy



Reality

We live in de Sitter space.

Too bad …

We’ll need to learn how to do quantum 
mechanics in de Sitter space eventually.

It’s hard …



Quantum Gravity
We want a quantum theory of gravity …

1) To erect a complete theory of all the fundamental interactions in 
nature.

2) To resolve deep puzzles about the quantum physics of black holes.

3) To understand the very early history of the universe.

Experiments provided essential guidance for building the standard
model of particle physics, excluding gravity. It’s hard (though perhaps
not impossible) to do experiments which explore quantum gravity.

We are trying simultaneously to determine both what the theory
predicts and what the theory is.

Are we smart enough to figure it out? 

I don’t know … But why not?



Complex dictionary maps bulk 
operators to boundary 
operators.

Geometry in the bulk theory 
is related to entanglement 
structure of the boundary 
theory.

Bulk/boundary duality: 
an exact holographic correspondence

CFT
(boundary)

AdS
(bulk)

Weakly-coupled gravity in the bulk ↔ strongly-coupled conformal field theory on boundary.

Many boundary fields (“large N”), so AdS curvature large compared to Planck scale.

Strong coupling on boundary, so AdS curvature large compared to the string scale.

(Maldacena 1997)



Holographic Entanglement Entropy

bulk

boundary
region A

minimal bulk 
surface γA

To compute entropy of region A in the boundary field theory, find 
minimal area of the bulk surface γA with the same boundary. 

(Ryu,Takayanagi 2006. Hubeny, Rangamani, Takayanagi 2007.)

(How can area, an observable, be equal to entropy, which is not 
a linear operator? It’s important that the formula is not exact…)
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Bulk/ Boundary “Reconstruction”
geodesic γA

A

causal wedge C[A]

Bulk local operator localized 
inside  the causal wedge C[A] 
of connected boundary region 
A can be “reconstructed” as a 
(nonlocal) operator supported 
on A. 

This reconstruction is highly ambiguous – each bulk point lies in 
many different causal wedges. 



Causal Wedge Puzzle

Divide boundary into three disjoint sets A, B, C as shown. The bulk operator φ
resides in C[AB], hence can be reconstructed on AB and commutes with any 
boundary operator in C.

We can also reconstruct φ on BC (so it commutes with operators in A) or on AC (so it 
commutes with operators in B). Hence the reconstructed operator commutes with 
all local boundary operators, and must be a multiple of the identity (local field 
algebra is irreducible).

Resolution (Almheiri-Dong-Harlow 2015): These three reconstructions yield 
physically inequivalent boundary operators, all with the same action on the code 
subspace. Holographic codes concretely realize this proposal.

φ φ φ

A

BC

A

BC

A

BC



Holographic codes demonstrate the idea that 
geometry emerges from entanglement. They resolve 
causal wedge puzzle and reproduce Ryu-Takayanagi
relation between entanglement and geometry.

A tensor network realization of holography, based on 
a uniform tiling of the bulk. (Lattice spacing 
comparable to AdS curvature scale. No dynamics.)

Physical variables of a quantum code reside on the 
boundary, logical operators (those preserving the 
code space) reside in the bulk.

Holographic Quantum Error-Correcting Codes

There is an explicitly computable dictionary, and computable boundary 
entanglement structure. Local operators deep in the bulk are mapped to highly 
nonlocal operators on the boundary. 

This dictionary is not complete --- the bulk Hilbert space (code space) is a proper 
subspace of the boundary Hilbert space, and the bulk operators preserve this 
subspace. E.g. we may think of them as operators which map low-energy states to 
low-energy states in the boundary CFT. 



Perfect Tensors
The tensor T arises in the expansion 
of a pure state of 2n v-dimensional 
“spins” in an orthonormal basis.

1 2 2
1 2 2

1 2 2
, , ,

| |
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n

a a a n
a a a

T a a aψ …
…

〉 = … 〉∑

T is perfect if the state is maximally entangled across any cut, i.e. for any partition 
of the 2n spins into two sets of n spins. (State is absolutely maximally entangled.)

By transforming kets to bras, T also defines 3→3 unitary, 2→4 and 1→5 isometries.
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These are the isometric encoding maps (up to normalization) of quantum error-
correcting codes. The 2→4 map encodes two qubits in a block of 4, and corrects 1 
erasure. The 1→5 map encodes one qubit in a block of 5, and corrects 2 erasures.



Erasure Correction
The 1→5  isometric 
map encodes one qubit
in a block of 5, and 
corrects two erasures.

Consider maximally entangling a reference qubit R with the encoded qubit. 
Suppose two physical qubits (the subsystem E) are removed, while their 
complement Ec is retained.  

1 6
1 6

3 4 5 6 1
,

2| |a a
a a

T a a aa aa…
…

〉〈∑

Because the tensor T is perfect, RE is maximally entangled with Ec, hence R is 
maximally entangled with a subsystem of Ec. Thus the logical qubit can be decoded by 
applying a unitary decoding map to Ec alone; E is not needed.

Likewise, we may apply any logical operator to the encoded qubit by acting on Ec

alone. (The logical operation can be cleaned so it has no support on the erased qubits.) 

R (reference)

maximal 
entanglement

Ec (not erased)

E (erased)

We say qubits are erased if they are 
removed from the code block. But 
we know which qubits were erased 
and may use that information in 
recovering from the error. 



Holographic Quantum Codes

pentagon code pentagon/hexagon code one encoded qubit

Holographic quantum error-correcting codes are constructed 
by contracting perfect tensors according to a tiling of 
hyperbolic space by polygons. 

The code is an isometric embedding of the bulk Hilbert space 
into the boundary Hilbert space, obtained by composing the 
isometries associated with each perfect tensor.



Bulk/Boundary Reconstruction

To construct the greedy geodesic, start 
with A, and push into the bulk a cut 
bounded by ∂A, step by step: if at least 
three of the tensor’s legs cross the cut, 
move the cut further into the bulk past 
the tensor. After each step we have an 
isometry mapping indices which cross 
the cut (and bulk indices) to A. 

For a connected region A on the 
boundary there is a corresponding greedy 
geodesic γA* and greedy causal wedge
C[A]. Bulk operators contained in C[A] 
can be reconstructed on A. 

to boundaryinto bulk

The greedy geodesic coincides with true geodesic (minimal cut) in some cases. 

“greedy geodesic” γA* 

A

causal wedge C[A]



Holographic Entanglement Entropy
Consider a holographic state | ψ 〉 (no 
dangling bulk indices), and a geodesic cut γA
through the bulk with indices on the cut  
labeled by i. Indices of A are labeled by a
and indices of Ac labeled by b. 

For a holographic state on a tiling with nonpositive curvature, the tensors P
and Q are both isometries, if A is connected (max-flow min-cut argument). 

AAc
PQ

i

b
a

, ,
| | | | |c cA ai bi i A iA A

a b i i
a b P Q P Qψ 〉 = 〉 ⊗ 〉 = 〉 ⊗ 〉∑ ∑

γ

If each internal index takes v values, there are v| γ | terms in the sum over
i. and the vectors { | P 〉i }, { | Q 〉i } are orthonormal. Therefore

( ) | | logAS A vγ=



erased regions
on boundary

Bulk operators 
reconstructable on 
unerased boundary

geodesic γA

A

Bulk operators 
reconstructable on 
boundary region A

Spacetime as an error-correcting code
For a connected region A on the boundary 
there is a corresponding geodesic γA . Bulk 
operators in the wedge between A and γA can 
be reconstructed on the boundary in region A. 

Operators deeper in the bulk have better 
protection against erasure on the boundary. 

Bulk operators at the 
center of the bulk are 
robust against erasure of 
up to half of the boundary 
qubits. 

Almheiri, Dong, Harlow (2015). Pastawski, Yoshida, Harlow, Preskill (2015).



Holographic Quantum Codes
-- Nicely capture some central features of full blown 
gauge/gravity duality, and provide an explicit dictionary 
relating bulk and boundary observables.

-- Realize the Ryu-Takayanagi relation between 
boundary entanglement and bulk geometry.

-- In what (approximate) sense is a conformal field 
theory a quantum error-correcting code?
-- Why does bulk locality hold (approximately) at sub-
AdS curvature scales?
-- How is the code affected by real time evolution of the 
boundary?
-- Extending quantum error correction ideas to 
emergent geometry beyond AdS/CFT?
-- Other applications of these code constructions?

A



Entanglement is the “glue” 
that holds space together.

If, with your quantum computer, you 
transformed the highly entangled vacuum state 
to an unentangled (product) state, then space 
would fall apart into tiny pieces. 

(This would require an enormous amount of 
energy.) 



From: Robbert Dijkgraaf at the inauguration of Caltech’s Burke Institute.



From: Robbert Dijkgraaf at the inauguration of Caltech’s Burke Institute.
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“Now is the time for 
quantum information scientists 

to jump into .. black holes”
Beni Yoshida
QuantumFrontiers.com
March 2015
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Why quantum computing is hard

We want qubits to interact strongly 
with one another.

We don’t want qubits to interact with 
the environment.

Until we measure them.





Black Hole
Classically, a black hole is a remarkably simple object (it has 
“no hair”) composed of pure spacetime geometry.

If Alice crosses the event horizon of a black hole, she will 
never be able to return to or communicate with Bob, who 
remains outside.

event horizon



LIGO!

GW150914



PARADOX!

Planck
1900

Hawking
1975

“The ultraviolet catastrophe”
In thermal equilibrium at nonzero 
temperature, the electromagnetic 
field carries an infinite energy per 
unit volume …

The end of 
classical physics!

When the theories we use to 
describe Nature lead to unacceptable 
or self-contradictory conclusions, we 
are faced with a great challenges and 
great opportunities….

“The information loss puzzle”
The radiation emitted by an 
evaporating black hole is featureless, 
revealing nothing about how the 
black hole formed …

The end of quantum physics?
(Or of relativistic causality?)



A black hole in a bottle

We can describe the formation and evaporation of 
a black  hole using an “ordinary” quantum theory 
on the walls of the bottle, where information has 
nowhere to hide (Maldacena).

A concrete realization of the “holographic principle” 
(’t Hooft, Susskind).

time

CFT (boundary)

AdS (bulk)

So at least in the one case where we think we understand how quantum 
gravity works, a black hole seems not  to destroy information!

Even so, the mechanism by which information can escape from behind a 
putative event horizon remains murky. 

Indeed, it is not clear whether or how the boundary theory describes the 
experience of observers who cross into the black hole interior, or even if 
there is an interior!



Two amazing ideas:
Holographic correspondence

Quantum error correction

How are they related?

Almheiri, Dong, Harlow (2015)
Pastawski, Yoshida, Harlow, Preskill (2015)

Hayden, Nezami, Qi, Thomas, Walter, Yang (2016)
Kim and Kastoryano (2017)

Pastawski and Preskill (2017)
Evenbly (2017)

-- Spacetime as a quantum error-correcting code.
-- Scrambled encoding on boundary, protected against erasure.
-- Entanglement seems to be the glue holding space together. 
-- Illustrates the surprising unity of physics. 
-- Toward accessible experiments probing quantum gravity?



A local operator in the bulk spacetime
produces a disturbance which propagates 
causally in the bulk. 

The effect of this bulk operator becomes 
locally detectable on the boundary at a 
later time.

The bulk operator corresponds to a 
nonlocal “precursor” operator on the 
boundary.

The precursor is more and more nonlocal 
for bulk operators deeper and deeper in the 
bulk. 

We interpret the precursor as the logical 
operator acting on a quantum code, with 
better protection against error for bulk 
operators deeper inside the bulk.

Logical operator = “precursor”

boundary 
precursor

bulk local
operator



“Greedy” causal wedge

To construct the greedy geodesic, start 
with A, and push into the bulk a cut 
bounded by ∂A, step by step: if at least 
three of the tensor’s legs cross the cut, 
move the cut further into the bulk past the 
tensor. After each step we have an 
isometry mapping indices which cross the 
cut (and bulk indices) to A. 

There is an analog of the bulk/boundary 
reconstruction in holographic codes. For a 
connected region A on the boundary there is a 
corresponding greedy geodesic γA* and greedy 
causal wedge C[A]. Bulk operators contained in 
C[A] can be reconstructed on A. 

A given bulk operator is contained in many 
different causal wedges; it is protected against 
erasure of the physical qubits outside the causal 
wedge. Operators deeper in the bulk have better 
protection against erasure. 

to boundaryinto bulk

The greedy geodesic coincides with true geodesic (minimal cut) in some cases, 
differs slightly in other cases. 

“greedy geodesic” γA* 

A

causal wedge C[A]



Holographic black holes
-- Most boundary states 
correspond to large black 
holes in the bulk.

-- Bulk local operators acting 
outside the black hole can be 
reconstructed on the 
boundary. 

-- Uncontracted bulk indices 
at the horizon, the black hole 
microstates, are also mapped 
to the boundary.

-- Encoding isometry 
becomes trivial as black hole 
grows to fill the whole bulk.



Quantumists ≈ Biologists

quantum gravity = life
boundary theory = chemistry
quantum information theorists = chemists
quantum gravity theorists = biologists

what we want =  molecular biology
black hole information problem = fruit fly
understanding the big bang = curing cancer

Slide concept stolen from Juan Maldacena



Ooguri: I see that this new joint activity between quantum 
gravity and quantum information theory has become very 
exciting. Clearly entanglement must have something to say 
about the emergence of spacetime in this context.

Witten: I hope so. I’m afraid it’s hard to work on, so in fact I’ve 
worked with more familiar kinds of questions. 

Kavli IPMU News
December 2014

Notices of AMS 
May 2015



String Theory
There is a candidate for a quantum theory of gravity, sometimes called string 
theory or M theory. It seems to be mathematically consistent, but much about 
it is not understood. 

Even if it is mathematically consistent, we don’t know whether string theory 
describes nature. 

Many physicists think string theory is on the right track, but there are missing 
ingredients which must be discovered to arrive at a more complete 
understanding.

There is a rigorous version of relativistic quantum field theory, in which we can 
formulate axioms and prove theorems. We can’t yet do that for string theory. 

There are many possible QFTs, but it may be that the theory of quantum 
gravity is in some sense unique. However, that does not mean it makes 
unambiguous predictions about what we see in our (part of the) universe, 
because the equations of the theory have many different solutions.  



Planck scale
We explore shorter and shorter distances by banging together elementary particles at 
higher and higher energy. For example, we can “see” quarks inside a proton by 
scattering electrons off the proton.

But gravitation imposes a limitation. If we collide (say) electrons at high enough 
energy, a black hole is created. Increasing the energy makes the black hole larger, not 
smaller.

The shortest distance we can explore is the Planck length, the size of the smallest 
possible black hole. This is the quantity with the units of length which can be 
constructed from the fundamental constants G (Newton’s gravitational constant), hbar
(Planck’s constant), and c (speed of light). The Planck length is about 10-33 cm, much 
smaller than we can explore in today’s high energy physics experiments (about 10-17

cm). 

It’s not clear whether it makes sense to speak of “space” or “time” for distances 
shorter than the Planck length, of for durations less than the Planck time (about 10-43s). 

Perhaps spacetime is itself “emergent,” meaning that is arises only in an “effective 
theory” describing the low-energy behavior of a theory whose high-energy behavior is 
really something quite different. 

( )1/ 23 33
Planck / 10 cmL G c −= =



AdS-Rindler reconstruction

Classical bulk field equations are “causal” in the radial direction. Boundary data in the 
“backward” light cone of x suffices to determine a bulk operator at x (Hamilton-Kabat-
Lifschytz-Lowe = HKLL). This can be systematically corrected order by order in 1/N.

Furthermore we can use the boundary equations to squash the boundary wedge down to the 
time slice Σ.

This reconstruction is highly ambiguous – each bulk point lies in many causal wedges. 

Bulk time slice contains point x
in the bulk and boundary time 
slice Σ. 

A local operator acting at x can 
be reconstructed on the 
boundary region A if x lies 
within the causal wedge C[A] 
of A, the bulk region bounded 
by A and the bulk geodesic 
with the same boundary as A. 

causal wedge

geodesic
Σ

A



(Maldacena 2003, Van Raamsdonk 2010, Maldacena-Susskind 2013)

Building spacetime from quantum entanglement

Wormhole

A B

Entanglement

A B

=

No Wormhole

A B

No Entanglement

A B

=



[Maldacena 2003, Van Raamsdonk 2010, Maldacena-Susskind 2013]

ER = EPR

Wormhole

A B

Entanglement

A B

=

No Wormhole

A B

No Entanglement

A B

=



[Maldacena 2003, Van Raamsdonk 2010, Maldacena-Susskind 2013]

ER = EPR

Wormhole

A B

Entanglement

A B

=

No Wormhole

A B

No Entanglement

A B

=



Alice Bob

singularity

Alice and Bob are in different galaxies, but each lives near a black hole, 
and their black holes are connected by a wormhole. If both jump into their 
black holes, they can enjoy each other’s company for a while before 
meeting a tragic end.

Love in a wormhole throat

time



Quantum error correction

Errors entangle the data with the environment (decoherence). 

Recovery transforms entanglement of data with environment into 
entanglement with ancilla (which can be discarded), purifying data. 

Data cools as ancilla heats (dissipative process, requiring power).

For this to work:

-- errors must be or a restricted type, e.g. with support on a small fraction of 
the physical qubits.

-- the protected state belongs to a quantum code, an appropriately chosen 
subspace of the physical Hilbert space. (No action of errors on code space.)
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Geometry emerges from 
entanglement.

Physical variables on boundary.
Encoded variables in the bulk.

Encoder is a tensor network.
Many small codes glued together.

Holographic Quantum Codes

Explicitly computable dictionary. 
Computable boundary entanglement structure. 

Local operators deep in the bulk mapped to highly nonlocal 
operators on the boundary, well protected against errors on 
the boundary.



Holographic entanglement entropy

bulk

boundary
region A

minimal bulk 
surface γA

(Ryu-Takayanagi).

( ) A1 rea( )
4 A

NG
S A γ= +

Quantum entanglement on 
the boundary corresponds 
to geometry in the bulk.

complementary
boundary
region Ac



Properties of holographic codes
“greedy geodesic” γA* 

A

Ryu-Takayanagi relation between boundary 
entanglement and bulk geometry.

Bulk operators in the “causal wedge” of 
boundary region A can be reconstructed on 
A.

Reconstruction is highly ambiguous. (Bulk 
operator has many different physical 
realizations). causal wedge C[A]

erased 
regionsentanglement wedge E[A]

Operators deep in the bulk can be 
reconstructed on union of many small 
disjoint boundary regions. (Code provides 
good protection against erasure on the 
boundary.)



Complex dictionary maps 
bulk operators to boundary 
operators.

Geometry in the bulk theory 
is related to entanglement 
structure of the boundary 
theory.

Bulk/boundary duality: 
an exact correspondence

CFT
(boundary)

AdS
(bulk)
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