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(a) Since
g(U) = CUPN?
we have
o(N,U) = log(CUN/?)
1 (87‘7) _ 3N
roulh T U
=U = gNT
(b) From (2) above we see that
Fo BN 1
ouz 2 U2

(4)

2 For a system of IV spins each of magnetic moment m in a magnetic field

B with spin excess 2s, the entropy is

252
~] N,0) — —
a(s) = log g(N, 0) — —
and total energy is
U=-2smB
so that
U2
o(U) =logg(N,0) — IZEIN
Therefore

1 do U

T 0U  m?’B’N
Using (6) again, we obtain an expression relating 7 and s

1 2s

T mBN

so that the fractional magnetization at equilibrium is given by

M 2s miB

Nm N 71
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3 (a) Using the expression for the multiplicity function from chapter 1,

(N+n-—1)!
N = 7 11
o(N.m) = (1)
the entropy of a system of N quantum harmonic oscillators of total energy
U = nhw is
log(g) = log(N +n—1)!—logn! —log(N — 1)!

(N +n)log(N+n)—(N+n)—nlogn+n—NlogN + N

We have used the Stirling approximation for both N and n and replaced
N —1 by N. Thus

o(N,n) = Nlog(1+ %) + nlog(l+ %) (12)

(b) Using U = nhw in (12), we have

U U Nhw
Differentiating with respect to U,
Jdo N 1 1 Nhw U 1 Nhw
— = ———(—)+ —log(14+ —— — ) ———(—=) (14
U 1+%(th)+hw og(l+ =) — (o) T mme () (14
so that
L A +ilo(1+th)— N
T U+hwN | hw ® U’ Nhw+U
hw Nhw
— = log(l+ —— 15
= og(l +——) (15)

This gives the desired expression for total energy at temperature 7:

Nhw
U=————7"—"- 16
oxp(5) —1 1o

5 (a) Plugging in the values of § = 10! and N; = N, = 10?2 in the equa-
tion(17) of the example problem, ie.

. R 202 262
91(N1, 81+ 6)g2(Na2, $2 — 6) = (9192)max exXp(——— — =) (17)
Ny Ny
we have,
g192 4 X 1022 —92
— 272 —exp(——————) = exp(—4) = 1.83 x 10 18
(9192)max p( 1022 ) p( ) ( )
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(b) First we note that summing g; (N1, s1)g2(Na2, s — 1) over s is equiv-
alent to integrating the expression g1(Ny, s + 0)g2(No, §o — §) over the
corresponding range of values of §. Thus

Zgl(Nla 51)92(N2,s —s1) = /gl(Nh 1+ 6)g2(Na, 2 — §)do
S1 4
202 267
= (9192)max/5€Xp(—Fl - E)dé

Thus the factor that we need to compute is F = [; exp(—% — %)CM over
the range of 4.

Since s; takes values from —% to & and § = s; — §1, ¢ ranges from

2 ~
—(% +41) to % — §1. To compute s7 we make use of ]sv—ll = - In this
case N = 2N so that, s = 2 = 102 _ Ny This gives the range of § as

2 2 200
101Ny 99Ny . : : _ M N1
500 s00- Which is approximately —=*- to .

to

Therefore the required factor F is

= 45? = 45?
F = ‘/_Nl eXp(_Fl)dé = 2/0 eXp(_Fl)dé

I
ol 3
=
@

=

Pas
3

- 2N1:Q%x1m1 (19)

(c)Entropy is given by o = log(g) = log[(g192)max] + log(F"). Now,

2
S
(9192)max = 91(0)g2(0) eXp(_N)
2 52
= ——— 2Nt Noexp(—— 20
e () (20)
Putting in the given values of N1, N3, s we have,
s 1 2
log[(9192)max] = 2log(2)Ny — 2%~ 3 log(N1N2) + log(=)
T
2
= 10?* — 50 + log(=) ~ 10*? (21)

s

On the other hand, the correction term is log(F') ~ 111log(10) = 25.33.
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So the fractional error in entropy is

log(F) ~ log(F)
log(g)  log[(9192)max]

~ 25 x 10722 (22)

Thus, even though (g192)max might not be a good approximation for
>, 91(N1,51)g2(N2, s — s1) (as we saw in part (b)), the error induced
in the entropy by this approximation is almost negligible. This is a con-
sequence of the entropy being a logarithmic function of the multiplicity
function g and therefore being additive in g.



